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Abstract

We propose tests for smooth but persistent serial correlation in risk premia and volatilities
that exploit the non-normality of financial asset returns. Our parametric tests are robust to
distributional misspecification, while our nonparametric tests are as powerful as if we knew
the true distribution of excess returns. Local power analyses confirm their gains over existing
methods, while Monte Carlo exercises document their finite sample reliability. We apply our
methods to the Fama-French factors for US stocks. We find mean predictability for the size
and value factors but not the market, and variance predictability for all of them.
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1 Introduction

Most of the empirical literature assessing the predictability of the levels of financial returns
has focused on the predictor variables. But despite hundreds of papers over three decades, the
evidence remains controversial (see Spiegel (2008) and the references therein). There is much
stronger evidence on time variation in volatilities at daily frequencies, but at the same time
there is a widespread belief that those effects are irrelevant at monthly frequencies. Finally,
many empirical studies indicate that the distribution of asset returns is rather leptokurtic, and
possibly somewhat asymmetric. Nevertheless, most existing tests for predictability of the mean
and volatility of asset returns ignore this fact by implicitly relying on normality. Similarly,
theoretical and empirical considerations suggest that the movements in the first two moments
of excess returns on financial assets, assuming that those movements are real, should be smooth
and persistent.

In this context, we propose new testing approaches for mean-variance predictability that
explicitly account for those empirical regularities. Specifically, we propose tests for smooth but
persistent serial correlation in asset risk premia and volatilities that exploit the non-normality
of returns. In this sense, we consider both parametric tests that assume flexible non-normal
distributions, and non-parametric tests. For a given predictor variable, our tests differ from
standard tests in that we effectively change the regressand. But we also transform the predictor
variable to exploit the persistence of conditional means and variances. Although we focus our
discussion on Lagrange Multiplier (or score) tests, our results apply to Likelihood ratio and Wald
tests, which are asymptotically equivalent under the null and sequences of local alternatives, and
therefore share their optimality properties.

Importantly, we show that our parametric tests remain valid regardless of whether or not the
assumed distribution is correct, which puts them on par with the Gaussian pseudo-maximum
likelihood (PML) testing procedures advocated by Bollerslev and Wooldridge (1992) among
many others. We also show that our non-parametric tests should be as efficient as if we knew
the true distribution of the data.

We present local power analyses that confirm the gains that our new testing approaches
deliver over existing methods. We complement our theoretical results with detailed Monte
Carlo exercises that study their finite sample reliability. Finally, we also illustrate our methods
with an application to the three Fama and French (1993) factors for US stocks.

The rest of the paper is organised as follows. We introduce our mean and variance predictabil-
ity tests in sections 2 and 3, respectively, and study the power gains that they offer against local

alternatives. A Monte Carlo evaluation of our proposed procedures can be found in section 4,



followed by our empirical application in section 5. Finally, we present our conclusions in section

6. Proofs and auxiliary results are gathered in appendices.

2 Tests for predictability in mean

2.1 First order serial correlation tests

Although we can consider any predictor variable available at time ¢ — 1, for pedagogical
reasons we initially develop tests of first order serial correlation under the maintained assumption

that the conditional variance is constant. More specifically, the model under the alternative is

yr = (1= p) + pyr—1 + Vwey,
eflli—1;m, p,w,m ~ig.d. D(0,1,m) 3, (1)
with density function f(.;n)

where the parameters of interest are ¢ = (6, 7'), 8’ = (0, p)’ and 65 = (7,w)’. In this context,
the null hypothesis is Hy : p = 0. Regardless of the specific parametric distribution, testing the

null of white noise against first order serial correlation is extremely easy:

Proposition 1 Let
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denote the sample cross moment of €;_1(0s) and the derivative of the conditional log density of

¥ with respect to its arqgument evaluated at :(0y), where e(0s) = w™/2(y; — 7).

1. Under the null hypothesis Hy : p = 0, the score test statistic

Ghn(1)
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will be distributed as a x> with 1 degree of freedom as T goes to infinity, where
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2. This asymptotic distribution is unaffected if we replace the true values of the parameters

050 or ng by their mazimum likelihood estimators under the null.

Obviously, the exact expression for G,,(1) depends on the assumed distribution. For instance,

in the standardised Student ¢ case with ="' degrees of freedom,
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which reduces to €* under normality. In contrast, for a standardised Laplace distribution, which
does not depend on any additional parameters, we have that

81%856*) = —\V2sign(e

which means that (2) effectively becomes a directional prediction test in that case.
Similarly, in the case of a standardised two component mixture of normals with density

function:
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where ¢(.) is the standard normal density, n = (4, 5, )" are shape parameters, and pi(n), p5(n),

0%%(n) and o3?(n) are defined in Appendix C.1, the relevant regressand becomes
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As for My, we can either use its theoretical expression (for instance (1 + n) (1 —2n)~*
x (1+ 377)_1 in the case of the Student ¢, or 1 under normality), compute the sample analogue
of (3), or exploit the information matrix equality and calculate it as the sample average of
—0%In f [e:(05),m] /0c*Oe*. As shown by Davidson and MacKinnon (1983) and many others,
this choice will affect the finite sample properties of the tests.

Intuitively, we can interpret the above score test a moment test based on the following
orthogonality condition:

FE { mnf[eg(:;m); o) et-1(0s0)

08[)’0’770} =0, (4)

which is related to the moment condition used by Bontemps and Meddahi (2007) in their dis-
tributional tests.! In fact, given that the score with respect to 7 under the null is proportional

to

)
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the sample second moment will numerically coincide with the sample covariance if we evaluate
the standardised residuals at the ML estimators. Hence, an asymptotically equivalent test
under the null and sequences of local alternatives would be obtained as T - R? in the regression

of Oln fle:(05),m]/Je* on a constant and €;—1(6).

'See Arellano (1991), Newey (1985), Newey and McFadden (1994) and Tauchen (1985) for a thorough discussion
of moment tests.



Our regressand can be regarded as €,(05) times a damping factor that accounts for skewness
and kurtosis, as in the robust estimation literature. Figures 1c illustrates the regressand as a
function of €;(0;) for four common distributions: normal, Laplace (whose kurtosis is 6), Student ¢
with 6 degrees of freedom (and therefore the same kurtosis as the Laplace), and a two component
mixture of normals with skewness coefficient -.5 and kurtosis coefficient 6. As a reference, we
also plot the corresponding standardised densities in Figure la, and (minus) log-densities in
Figure 1b, which can be understood as estimation loss functions.

These damping factors are closely related to the robust estimation literature (see e.g. Maronna
et al (2006)). In fact, the Student ¢ and Laplace distributions are common choices for robust in-
fluence functions.? In this sense, the Student ¢ factor (n+1)/[1—2n+ne;?] clearly downweights
big observations because it is a decreasing function of €}2 for fixed 7 > 0, the more so the higher
7 is. As a result, the ML estimators of 7 and w can be regarded as M-estimators, which are
typically less sensitive to outliers than the sample mean and variance. A notable exception is a
discrete mixture of normals, since we prove in Appendix D.5 that the ML estimators of m and
w coincide with the Gaussian ones.

Despite the theoretical advantages and numerical robustness of our proposed tests, in practice
most researchers will test for first order serial correlation in g; by checking whether its first
order sample autocorrelation lies in the 95% confidence interval (—1.96/+/T, 1.96/+/T). Such
a test, though, is nothing other than the test in (1) under the assumption that the conditional
distribution of the standardised innovations is i.i.d. N(0,1). Apart from tradition, the main
justification for using a Gaussian test is the following (see e.g. Breusch and Pagan (1980) or
Godfrey (1988)):

Proposition 2 If in model (1) we assume that the conditional distribution of €} is i.i.d. N(0,1),

when in fact it is i.i.d. D(0,1, 0y), then T - G2,(1) will continue to be distributed as a x* with 1
degree of freedom as T goes to infinity under the null hypothesis of Hy : p = 0.

But it is important to emphasise that the orthogonality condition (4) underlying our proposed
AR test also remains valid under the null regardless of whether or not the assumed parametric
distribution is correct. More precisely, if we fixed 7, w and 17 to some arbitrary values, 7-R? in the
regression of 01n f[e;(05),n]/0c* on a constant and €;_1(05) would continue to be asymptotically
distributed as a x? under the null. In practice, though, researchers would typically replace 0
and 1 by their ML estimators obtained on the basis of the assumed distribution, 0, and 1,

say, and then apply our tests. In principle, one would have to take into account the sampling

20ther well-known choices not directly related to parametric densities are Tukey’s biweight function, which
behaves like a quadratic loss function for small values of €:(60s) but then tapers off, and the so-called windorising
approach, whose loss function is also initially quadratic in €,(65) but eventually becomes linear.



uncertainty in those pseudo-MLE estimators of 6 and m.,. However, it is not really necessary
to robustify our proposed AR test to distributional misspecification:

Proposition 3 If in model (1) we assume that the conditional distribution of €} is i.i.d. with
density function f(.;m), when in fact it is i.i.d. D(0,1,0,), then T - R? in the regression of

dln fe(0), 7] /0c* on a constant and e;1(0) will continue to be distributed as a x2 with 1
degree of freedom as T goes to infinity under the null hypothesis Hy : p = 0.

In this sense, Proposition 2 can be regarded as a corollary to Proposition 3.

Importantly, a test based on (4) will have non-trivial power even when it will no longer be
an LM test. In fact, the evidence presented in Amengual and Sentana (2010) suggests that our
proposed tests could be more powerful than the usual regression-based tests in Proposition 2
even though the parametric distribution is misspecified.

In any case, though, the test proposed in Proposition 1 requires to specify a parametric
distribution. Given that some researchers might be reluctant to do so, we next consider semi-
parametric tests that do not make any specific assumptions about the conditional distribution
of the standardised innovations e}, as in Gonzalez-Rivera and Ullah (2001). There are two
possibilities: unrestricted nonparametric density estimates (SP) and nonparametric density es-
timates that impose symmetry (SSP). It turns out that the asymptotic null distribution of our
proposed serial correlation test remains valid if we replace 01n f[e;(05),n]/Je* by one of those
non-parametric estimators:

Proposition 4 1. The asymptotic distribution of the test in Proposition 3 under the null

hypothesis Hy : p = 0 is unaffected if we replace d1n f[e(0s),ny]/0e* by a non-parametric
estimator, and mg and wg by their efficient semiparametric estimators under the null,

1 T
™= T Zt:l Yt (5)
and . .
- —\2
B=3 (-7 (©)
which coincide with the sample mean and variance of y;.

2. The same result is true if we replace d1n f[e(0s),ny]/0e* by a non-parametric estima-
tor that imposes symmetry, and o and wo by their efficient symmetric semiparametric
estimators under the null,
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and
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In addition, the semiparametric predictability test is adaptive, in the sense that it is as
powerful as if we knew the distribution of ¢}, including the true values of the shape parameters
7). Similarly, the symmetric semiparametric test will be adaptive too if the true distribution is
symmetric. In finite samples, though, the power of these semiparametric procedures may not

be well approximated by the first-order asymptotic theory that justifies their adaptivity.

2.2 Exploiting the persistence of expected returns

Let us now consider a situation in which

h h .
ye =m(1— 21:1 pr) + Zl:l Py + Vwef,

with h > 1 but finite, so that the null hypothesis of lack of predictability becomes Hy : p; = ... =
pn, = 0. In view of our previous discussion, it is not difficult to see that under this maintained

assumption the score test of p; = 0 will be based on the orthogonality condition

p{ 20

e+ Etl(98)|030707"70} =0.

Given that under the null hypothesis y; is independent and identically distributed, it is
straightforward to show that the joint test for AR(h) dynamics will be given by the sum of h

terms of the form B
Gr()
Zop(050,0,m0)

for [ =1,...,h, whose asymptotic distribution would be a X%L under the null.

T .

Such a test, though, does not impose any prior knowledge on the nature of the expected
return process, other than its lag length is h. Nevertheless, there are theoretical and empirical
reasons which suggest that time-varying expected returns should be smooth processes.

A rather interesting example of persistent expected returns is an autoregressive model in
which p; = p for all [. In this case, we can use the results in Fiorentini and Sentana (1998) to
show that the process for expected returns will be given by the following not strictly invertible

ARMA(h,h — 1) process:

h h—1
pipr =7(1—hp) + Zj:1 Phiy1—; +p [61, + Zj:l 81&3} . (9)

As long as the covariance stationarity condition hp < 1 is satisfied, the autocorrelations of

the expected return process can be easily obtained from its autocovariance generating function

1+t ) (L+ 2o =)
1= Xl #) (1= p X 277)
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which contrasts with the autocovariance generating function of the observed process
1
b A
(1 - IOijl Zj) (1 - ijzl < j>

In this context, we can easily find examples in which the autocorrelations of the observed

Pyy(2) =

return process are very small while the autocorrelations of the expected return process are much
higher, and decline slowly towards 0. For example, Figure 2 presents the correlograms of y; and
Hy11 on the same vertical scale for h = 24 and p = .015.

This differential behaviour suggests that a test against first order correlation will have little
power to detect such departures from white noise, the optimal test being one against an Ar(h)
process with common coefficients. We shall formally analyse this issue in the next section.

From the econometric point of view, the assumption that p; = p for all [ does not pose any
additional problems. Specifically, it is easy to prove that the relevant orthogonality condition

will become

E { Oln f[eati*gs)v 770] Zl}ll 61571(08)

with hZ,,(05,0,n) being the corresponding asymptotic variance.

030707770} =0, (10)

This moment condition is analogous to the one proposed by Jegadeesh (1989) to test for
long run predictability of individual asset returns without introducing overlapping regressands.
Cochrane (1991) and Hodrick (1992) discussed related suggestions. The intuition is that if
returns contain a persistent but mean reverting predictable component, using a persistent right
hand side variable such as an overlapping h-period return may help to pick it up. The asymptotic
variance is analogous to the so-called Hodrick (1992) standard errors used in LM tests for long
run return predictability in univariate OLS regressions with overlapping regressands.

It is important to mention that the regressor 2?21 €:1(05) will be quite persistent even
if returns are serially uncorrelated because of the data overlap. Specifically, the first-order
autocorrelation coefficient will be 1 — 1/h in the absence of return predictability. Nevertheless,
since the correlation between the innovation to the regressor at time ¢t + 1 and the innovations
€(0) is 1/ v/h under the null, the size problems that plague predictive regressions should not
affect much our test (see Campbell and Yogo (2006)).

2.3 The relative power of mean predictability tests

Let us begin by assessing the power gains obtained by exploiting the persistence of expected
returns. For simplicity we consider Gaussian tests only, and evaluate asymptotic power against
compatible sequences of local alternatives of the form pypr = p/v/T. As we show in Appendix

B, when the true model is (9), the non-centrality parameter of the Gaussian pseudo-score test



based on the first order serial correlation coefficient is p? regardless of h, while the non-centrality
parameter of the test that exploits the persistence of the conditional mean will be hp?. Hence, the
asymptotic relative efficiency of the two tests is precisely h. Figure 3a shows that those differences
in non-centrality parameters result in substantive power gains. However, the asymptotic relative
efficiency would be exactly reversed in the unlikely event that the true model were an AR(1)
but we tested for it by using the moment condition (10) (see Appendix B). Not surprisingly,
this would result in substantial power losses, which are also illustrated in Figure 3a.

Let us now turn to study the improvements obtained by considering distributions other than
the normal. The following result gives us the necessary ingredients.
Lemma 1 If the true DGP corresponds to (1) with py = 0, then the feasible ML estimator of p
s as efficient as the infeasible ML estimator, which require knowledge of ny. If in addition the
conditional distribution is symmetric and kg < 0o, then the elliptically symmetric semiparametric
estimator of p is also fully efficient. The same is true in general of the semiparametric estimator

of p. In contrast, the inefficiency ratio of the Gaussian PML estimator of p is Mﬁl(no), where
My(ng) is defined in (3).

This means that the asymptotic relative efficiency of those serial correlation tests that exploit
the non-normality of y; will be Mﬁl(no). Figure 3b assesses the power gains against local AR(1)
alternatives under the assumption that the true conditional distribution of ef is a Student ¢
with either 6 or 4.5 degrees of freedom. This figure confirms that the power gains that accrue
to our proposed serial correlation tests by exploiting the leptokurtosis of the ¢ distribution are
noticeable, the more so the higher the kurtosis of y;. Similarly, Figure 3c repeats the same
exercise for two normal mixtures whose kurtosis coefficients are both 6, and whose skewness
coeflicients are -.5 and -1.219, respectively. Once again, we can see that there are significant
power gains. In this sense, it is worth remembering that since our semiparametric tests are

adaptive, they should achieve these gains, at least asymptotically.

3 Tests for predictability in variance

3.1 First-order ARCH tests

Although we can consider any variance predictor variable available at time t—1, for pedagogi-
cal reasons we initially develop tests of first order ARCH effects under the maintained assumption
that the conditional mean is constant. More specifically, the model under the alternative is

yr = mo + 0¢(00)e},
02(6) = w(l - a) + g1 — )

€?|It*1; ™, p,W, M~ i.3.d. D(Oa Lm
with density function f(.,n)

b (1)



where the parameters of interest are ¢ = (6, 7')’, 8’ = (0, )’ and 65 = (r,w)’. In this context,
the null hypothesis is Hy : @ = 0. Regardless of the specific parametric distribution, testing the

null of conditional homoskedasticity against first order ARCH is extremely easy:

Proposition 5 Let
~ i LT 91n fle(6s), Mol 2
G = 5 3y, {1+ LR Mla0 L 6,

denote the sample cross moment of ef_j(es) and 1 plus the derivative of the conditional log
density of €f with respect to its argument evaluated at €:(05) times €:(0s).

1. Under the null hypothesis Hy : a = 0, the score test statistic
G (1)

LM =T.— —8\V/ 12
ARCH(I) Iaa(os[)a 07 ”70) ( )
will be distributed as a x> with 1 degree of freedom as T goes to infinity, where
Z0a(040,0,mq) = V[%6%(95)‘95, 0,m0) - Mss(no)
and Ol f(<t.m)
n € 7”7 *
Mss(n) =V [T*tet Itl;n:| . (13)

2. This asymptotic null distribution is unaffected if we replace my, wo or gy by their mazimum
likelihood estimators.

As in the case of the mean predictability tests discussed in the previous section, the exact
expression for G5(1) depends on the assumed distribution. As for Mss(n), we can either use

L'in the case of the Student ¢, which reduces

its theoretical expression (for instance 2(1 4 3n)~
to 2 under normality), compute the sample analogue of (13), or exploit the information matrix
equality and calculate it as twice the sample average of 1 — 921In f [e;(05), ] /O*Oe* - €2(0;).
Once again, this choice will affect the finite sample properties of the tests (see Davidson and
MacKinnon (1983)).

Intuitively, we can interpret the above score test a moment test based on the following

orthogonality condition:

P Hl 91 fler(Bs), o] €t<98)} & (0,)

Os*
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which is also related to the moment conditions used by Bontemps and Meddahi (2007) in their

distributional tests. In fact, given that the score with respect to w under the null is proportional

1 T Oln fle:(65),n]
f Zt:l {1 + —85* n Et(os)} )

the sample second moment will numerically coincide with the sample covariance if we evaluate

to

the standardised residuals at the ML estimators. As a result, an asymptotically equivalent test



under the null and sequences of local alternatives would be obtained as 7" - R? in the regression
of 1+ €(05)01n fe(05),m]/0e* on a constant and €2_;(6s).

In this light, Godfrey (1988) re-interprets Glejser (1969) heteroskedasticity test, which re-
gresses the absolute value of the residuals on several predictor variables, as an ML test based
on the Laplace distribution. More generally, our regressand can be regarded as €2(6;) times a
damping factor that accounts for skewness and kurtosis. Figure 4 illustrates the transformation
of the regressands for the same four distributions depicted in Figure 1: normal, Laplace distri-
bution, Student ¢ with 6 degrees of freedom (and therefore the same kurtosis as the Laplace),
and a discrete mixture of normals with skewness coefficient -.5 and kurtosis coefficient 6.

Despite the theoretical advantages and numerical robustness of our proposed tests, in prac-
tice, most researchers will test for first order ARCH effects in y; by checking whether the first
order sample autocorrelation of ¢7(8) lies in the 95% confidence interval (—1.96/v/T,1.96/v/T).
Such a test, though, is nothing other than the test in (5) under the assumption that the con-
ditional distribution of the standardised innovations is i.i.d. N(0,1). Apart from tradition, the

main justification for using a Gaussian test is the following (see e.g. Demos and Sentana (1998)):

Proposition 6 If in model (11) we assume that the conditional distribution of e is i.i.d.
N(0,1), when in fact it is i.i.d. D(0,1,0q), then (12) will still be distributed as a x? with 1
degrees of freedom as T goes to infinity under the null hypothesis of Ho : « = 0 as long as we
replace the Gaussian expression for Myy(n) with V [€7(85)] 40,0, gp] -

Notice that in this case we have to use Koenker’s (1981) version of the usual heteroskedas-
ticity test because the information matrix version of Engle’s (1982) test, which assumes that
Vv [6%(05;” 64,0, QO] = 2, will be incorrectly sized.

But again, it is important to emphasise that the orthogonality condition (14) underlying
our proposed ARCH test also remains valid under the null regardless of whether or not the
assumed parametric distribution is correct. Therefore, if we fixed 7, w and 1 to some arbitrary
values, T- R? in the regression of 14 €,(05)01n f[e;(05),n]/0e* on a constant and €2, (65) would
continue to be asymptotically distributed as a x? under the null. In practice, though, researchers
would typically replace 85 and 1 by their ML estimators obtained on the basis of the assumed
distribution, 6, and 7], say, and then apply our tests. In principle, one would have to take into
account the sampling uncertainty in those pseudo-MLE estimators of 8., and n.,. However, it
is not really necessary to robustify our proposed ARCH test to distributional misspecification:
Proposition 7 If in model (11) we assume that the conditional distribution of €f is i.i.d. with
density function f(.;m), when in fact it is i.i.d. D(Ojl,go), then T - R? in the regression of

1+ ¢(0,)01n fle(8,), ) /0e* on a constant and €2, (8,) will continue to be distributed as a x>
with 1 degree of freedom as T goes to infinity under the null hypothesis Hy : o = 0.

10



In this sense, the result in Proposition 6 can be regarded as a corollary to Proposition 7 in
the Gaussian case. Similarly, the suggestion made in Proposition 2 of Machado and Santos Silva
(2000) to robustify Glejser’s heteroskedasticity test, which in our case would involve replacing
7w by the sample median of y;, can also be regarded as a corollary to this Proposition in the
Laplace case.

Importantly, a test based on (14) will continue to have non-trivial power even though it will
no longer be an LM test. In fact, it might well be the case that our proposed tests are more
powerful than the usual regression-based tests in Proposition 6 even though the parametric
distribution is misspecified.

The test proposed in Proposition 5, though, requires to specify a parametric distribution.
Since some researchers might be reluctant to do so, we next consider semiparametric tests that
do not make any specific assumptions about the conditional distribution of the innovations
ef. Once again, there are two possibilities: unrestricted nonparametric density estimates (SP)
and nonparametric density estimates that impose symmetry (SSP). It turns out that the as-
ymptotic null distribution of our proposed serial correlation test remains valid if we replace

Oln fle:(05),n]/0c* by one of those non-parametric estimators:

Proposition 8 1. The asymptotic distribution of the test in Proposition 7 is unaffected if
we replace Oln fle(05),mg]/0c* by a non-parametric estimator and my and wo by their
efficient semiparametric estimators under the null defined in (5) and (6), which coincide
with the sample mean and variance of y;.

2. The same result is true if we replace Oln fle(0s),mg]/0c* by a non-parametric estima-
tor that imposes symmetry, and wy and wgy by their efficient symmetric semiparametric
estimators under the null, which are defined in (7) and (8).

In addition, the semiparametric predictability test is adaptive, in the sense that it is as pow-
erful as if we knew the distribution of €}, including the true values of the shape parameters 1 (see
Linton and Steigerwald (2000)). Similarly, the symmetric semiparametric test will be adaptive
too if the true distribution is symmetric. As before, though, the power of these semiparametric
procedures in finite samples may not be well approximated by the first-order asymptotic theory

that justifies their adaptivity.
3.2 Exploiting the persistence of volatilities

Let us now consider a situation in which

o2O) =wl =Y e+ Y alyy )

j=1
with ¢ > 1 but finite, so that the null hypothesis of conditional homoskedasticity becomes

Hp:a1=...=ag=0. In view of our previous discussion, it is not difficult to see that under

11



this maintained assumption the score test of a; = 0 will be based on the orthogonality condition

E Hl + 20 laBo), o q(es)} 21(8,)/8,9,0,110| = 0.

Given that under then null hypothesis y; is independent and identically distributed, it is
straightforward to show that the joint test for ARCH(q) dynamics will be given by the sum of ¢

terms of the form

. G)
Iaa(9307 O, 770)
for I =1,...,q, whose asymptotic distribution would be a Xg under the null.
But since the inequality constraints a; > 0, ...,y > 0 must be satisfied to guarantee

nonnegative conditional variances of an ARCH(g) model, an even more powerful test can be
obtained if we test Hy : oy = 0,...,04 = 0 versus Hy : a1 > 0,...,4 > 0, with at least
one strict inequality. An argument analogous to the one in Demos and Sentana (1998) shows
that a version of the Kuhn-Tucker multiplier test of Gourieroux, Holly and Monfort (1980) can
be simply computed as the sum of the square t-ratios associated with the positive estimated
coefficients in the regression of J1n f[e;(05),n]/0c* - €,(05) on a constant and the first ¢ lags of
€7(85). The asymptotic distribution of such a test will be given by Y7 ;(4)279x?, which is a
mixture of ¢ + 1 independent x?s whose critical values can be found in Table 1 in that paper.

Nevertheless, there is a lot of evidence which suggests that volatilities are rather persistent
processes. In this sense, the obvious model that we shall use to capture such an effect is a
GARCH(1, 1) process in which g is in fact unbounded, and a; = a3 ~* for j = 1,2,. ..

From the econometric point of view, this model introduces some additional complications
because the parameter 5 becomes underidentified when o« = 0 (see Bollerslev (1986)). Note,
though, that since 07(0) = w(1 — B)~! + ozZ;;% Bjeffjfl(O), a has to be positive under the
alternative to guarantee nonnegative variances everywhere, we should still test Hy : a = 0
vs. Hi : a > 0 even if we knew (3. One solution to testing situations such as this involves
computing the test statistic for many values of 5 in the range [0,1), which are then combined
to construct an overall statistic, as initially suggested by Davies (1977, 1987). Andrews (2001)
discusses ways of obtaining critical values for such tests by regarding the different LM statistics
as continuous stochastic processes indexed with respect to the parameter 5. An alternative
solution involves choosing an arbitrary value of 3, § say, to carry out a one-sided LM test as
TR? from the regression of {1+ d1n f[e;(0s),1,]/9e* - €:(05)} on a constant and the distributed
lag Z;;% B’ ef,j,l(es) (see Demos and Sentana (1998)). The one-sided versions of such tests
are asymptotically distributed as a 50 : 50 mixture of x2 and x? irrespective of the value of

(. Obviously, the chosen value of § influences the small sample power of the test, an issue

12



to which we shall return in the next section, but the advantage is that the resulting test has
a standard distribution under Hy. An attractive possibility is to choose /3 equal to the decay
factor recommended by RiskMetrics (1996) to obtain their widely used exponentially weighted
average volatility estimates (e.g. [ = .94 for daily observations). In this respect, note that
since the RiskMetrics volatility measure is proportional to Zj;% Bj ef,j,l(es), in effect our
proposed GARCH(1,1) tests differ from the ARCH(q) tests discussed before in that the g lags
of the squared residuals are replaced by the RiskMetrics volatility estimate in the auxiliary
regressions. Straightforward algebra shows that the asymptotic variance of this statistic would

be (1 — ,5’2)*11'&& (650,0,m) under the null of conditional homoskedasticity.

3.3 The relative power of variance predictability tests

Let us begin by assessing the power gains obtained by exploiting the persistence of conditional
variances. For simplicity, we begin by comparing the Gaussian versions of the ARCH(1) and
fixed- GARCH(1,1) tests, and evaluate asymptotic power against compatible sequences of local
alternatives of the form agr = @/ VT. As we show in Appendix B, when the true model is
(9), the non-centrality parameter of the Gaussian pseudo-score test based on the first order
serial correlation coefficient of €2(6;) is @ regardless of the true value of 3. In contrast, the
non-centrality parameter of the fixed-3 GARCH(1,1) test is a?(1 — [32)/(1 — BBg)?. Hence, the
asymptotic relative efficiency of the two tests is (1 — B2) /(1 — BBy)?, which is not surprisingly
maximised when 3 = 3,. Figure 5a shows that for a realistic value of 3, these efficiency gains
yield substantive power gains when we set /3 to its Riskmetrics value of .94

Let us now study the power gains obtained by considering distributions other than the

normal. The following proposition gives us the necessary ingredients:

Lemma 2 If the true DGP corresponds to (11) with ag = 0, then the feasible ML estimator
of a is as efficient as the infeasible ML estimator, which require knowledge of mg. If in ad-
dition the conditional distribution is symmetric and kg < oo, then the elliptically symmetric
semiparametric estimator of o is also fully efficient. The same is true in general of the semi-
parametric estimator of a. In contrast, the inefficiency ratio of the Gaussian PML estimator of

a is 4/[(ko — 1) Mss(ng)], where Mgs(ng) is defined in (13).

Proposition 2 then implies that the local non-centrality parameter of the Gaussian test
for ARCH is o?, while the non-centrality parameter of the parametric test for ARCH is %[(lﬁo —
1) M;s(ng)]a?. Figure 5b assesses the power gains under the assumption that the true conditional
distribution of €} is a Student t with either 6 or 4.5 degrees of freedom. This figure confirms
that the power gains that accrue to our proposed ARCH tests by exploiting the leptokurtosis
of the ¢ distribution are in fact more pronounced than the corresponding gains in the mean

predictability tests. Similarly, Figure 5c repeats the same exercise for two discrete location scale
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mixture of normals whose kurtosis coeflicients are both 6, and whose skewness coefficients are
-.5 and -1.219, respectively. In this case, our test yield also yield significant power gains. In this
sense, it is worth remembering that since our semiparametric tests are adaptive, they should

achieve these gains, at least asymptotically.

4 Monte Carlo analysis

4.1 Design

In this section, we assess the finite sample performance of the different testing procedures
discussed above by means of an extensive Monte Carlo exercise adapted to the empirical ap-
plication in section 5. Specifically, we consider the following univariate, covariance stationary

AR(12)-GARCH(1,1) model:

Yyt = (o, po) + Ut(ao)lgf»
pe(m,p) = (L —12p) + p 3752, Yi—j,
07(0) = w(l — o — Blv(p) + ajlye—1 — py—1 (7, p)]* + Bo7_1(0),
€I|It71; 00’ Mo ~ 1.1.d. D(O, 1, 770)

We choose v(p) in such a way that by construction E(y;) = 7 and V(y;:) = w. We set 7 = .5 and
w = 18. Although these values are inconsequential for our econometric results, in annualised
terms they imply a realistic risk premia of 6%, a standard deviation 14.7%, and a Sharpe ratio
A41. For the sake of brevity we only report the results for 7' = 720 observations (plus another
100 for initialisation), which correspond to 60 years of monthly data, roughly the same as in
our empirical analysis. We systematically rely on 20,000 replications, which means, for instance,
that the 95% confidence interval for a nominal size of 5% would be (4.7%,5.3%). As for ng, we
consider four different standardised distributions: Gaussian, Student tg, a standardised mixture
of two normals with finite higher order moments, the same kurtosis (=6) but negative skewness
(=-.5), and an asymmetric ¢ distribution with the maximum negative skewness compatible with
the kurtosis of a univariate tg (=-1.219; see Mencia and Sentana (2009a,b) for details).

These distributions allow us to assess the reliability of our asymptotically robust tests, and
to shed some light on the advantages of those tests that exploit the leptokurtosis and potential
asymmetries of financial returns.

Importantly, we use the same underlying pseudo-random numbers in all designs to minimise
experimental error. In particular, we make sure that the standard Gaussian random variables
are the same for all four distributions. Given that the usual routines for simulating gamma
random variables involve some degree of rejection, which unfortunately can change for different

values of 7, we use the slower but smooth inversion method based on the NAG GO1FFF gamma
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quantile function so that we can keep the underlying uniform variates fixed across simulations.
Those uniform random variables are also recycled to generate the normal mixture.

For each Monte Carlo sample thus generated, our ML estimation procedure employs the
following numerical strategy. First, we estimate the static mean and variance parameters 6,
under normality in closed form using (5) and (6). Then, we compute the sample coefficient of
kurtosis k, on the basis of which we obtain the sequential Method of Moments estimator of the
shape parameter of the t distribution suggested by Fiorentini, Sentana and Calzolari (2003),
which exploits the theoretical relationship 7 = max[0, (x — 3)/(4x — 6)]. Next, we could use
this estimator as initial value for a univariate optimisation procedure that uses the EO4ABF
routine to obtain a sequential ML estimator of 7, keeping 7 and w fixed at their Gaussian PML
estimators. The resulting estimates of 7, together with the PMLE of 6,, become the initial
values for the ¢-based ML estimators. Following Fiorentini, Sentana and Calzolari (2003), the
final stage of our estimation procedure employs the following mixed approach: initially, we use
a scoring algorithm with a fairly large tolerance criterion; then, after “convergence” is achieved,
we switch to a Newton-Raphson algorithm to refine the solution. Both stages are implemented
by means of the NAG Fortran 77 Mark 19 library EO4LBF routine (see Numerical Algorithm
Group 2001 for details), with the analytical expressions for the score and information matrix
Z(¢gy) derived in Section 2 of that paper. We rule out numerically problematic solutions by
imposing the inequality constraint 0 < n < .499. As for the discrete mixture of normals,
we use the EM algorithm described in Appendix D.5 to obtain good initial values, and then
we numerically maximise the log-likelihood function of y; in terms of the shape parameters
n = (9,7, \) keeping 60 fixed at their Gaussian ML estimates.

Computational details for the symmetric and general semiparametric procedures can be
found in Appendix B of Fiorentini and Sentana (2007). Given that a proper cross-validation
procedure is extremely costly to implement in a Monte Carlo exercise, we have chosen the

“optimal” bandwidth in Silverman (1986).
4.2 Finite sample size

The size properties under the null of the different LM tests for first-order serial correlation
are summarised in Figures 6a-6d using Davidson and MacKinnon’s (1998) p-value discrepancy
plots, which show the difference between actual and nominal test sizes for every possible nominal
size. When the distribution is Gaussian, all tests are very accurate. The same conclusion is
obtained when the distribution is a Student ¢ or a discrete mixture of normals, although there
are some very minor distortions. Similarly, all tests are remarkably reliable when the conditional

distribution is an asymmetric Student ¢, which confirms the theoretical results in Proposition
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3. By and large we reach the same conclusions when we consider the restricted 12t"-order serial
correlation tests discussed in section 2 (see Figures 7a-7d).

In turn, Figures 8a-8d show the size distortions of the two-sided versions of the different
ARCH(1) tests. When the distribution is Gaussian, all tests are quite accurate, but when the
distribution is a Student ¢, a normal mixture or an asymmetric ¢, they tend to over-reject very
slightly for low significance values, and underreject for larger ones. This is particularly true of
the robust Gaussian tests, and to some extent of the test based on a two component normal
mixture, especially in the asymmetric ¢ case.

Finally, Figures 9a-9d describe the finite size properties of the two-sided versions of the
different GARCH(1) tests calculated with the discount factor B = .94 suggested in Riskmetrics

(1996). In this case, the tendency to under-reject is attenuated and sometimes even reversed.

4.3 Finite sample power

In order to gauge the power of the serial correlation tests we look at a design in which
p=2/ V720 but o = 0. The evidence at the 5% significance level is presented in Table 1, which
includes raw rejection rates, as well as size adjusted ones based on the empirical distribution
obtained under the null, which in this case provides the closest match because the Gaussian
PML estimators of 85 that ignore the dynamics in 3 remain consistent in the presence of serial
correlation or conditional heteroskedasticity.

As expected from the theoretical analysis in section 2.3, our proposed tests show clear power
gains over standard (i.e. Gaussian) tests in the presence of non-normal distributions, with
the parametric tests performing somewhat better than the semiparametric ones even in those
situations in which the assumed distribution is misspecified.

We also look at a design with p = 0 but a = 2/\/m and 8 = 0 to assess the power of
the ARCH(1) tests. Once again, we find that the usual Gaussian tests are dominated by all our

proposals, but the semiparametric tests fail to achieve maximum power.

5 Empirical application

In this section we apply the procedures considered previously to the three Fama and French
factors for US stocks, which we have obtained from Ken French’s Data Library (see <http://mba.
tuck.dartmouth.edu/pages/faculty /ken.french/data_library.html> for further details). We use
monthly data from January 1952 to December 2008, so that our sample begins soon after the
March 1951 Treasury - Federal Reserve Accord whereby the Fed stopped its wartime pegging

of interest rates. Thus, we consider 672 observations as we reserve 1952 for pre-sample values.
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The exact factor definition is as follows:

1. MK: Value-weight return on all NYSE, AMEX, and NASDAQ stocks (from CRSP) minus

the one-month Treasury bill rate (from Ibbotson Associates).
2. SMB: Returns on small cap firms in excess of the returns on large cap firms.

3. HML: Returns on value firms in excess of the returns on growth firms.

Descriptive statistics can be found in Table 2. As can be seen, the most distinctive feature
of the distribution of monthly returns to these portfolios is their leptokurtosis. Once we take
this feature in to account, we also find some statistically significant evidence for skewness in the
market portfolio. The SMB and HML factors, on the other hand, appear to be symmetric.?

Table 3 reports the results of the different mean predictability tests discussed in section 2.
As can be seen, there is not consistent evidence of serial correlation in the market portfolio. In
contrast, there is substantial evidence that the SMB and HML factors are serially correlated.
This is true not only when we test against AR(1) alternatives, but also when we consider
restricted AR(12) alternatives too. This interesting divergence could be due to the fact that large
stocks, which dominate a value weighted portfolio by construction, are more closely followed by
investors than small, value stocks. Another result worth mentioning is the resemblance between
the Student ¢ and SSP tests on the one hand, and the normal mixture and SP tests on the other.

Finally, Table 4 presents our tests for conditional heteroskedasticity. Not surprisingly, we
find very strong evidence of first order ARCH effects. This evidence is typically stronger when
we use our fixed 5 GARCH tests instead. Therefore, the lack of conditional homoskedasticity

that is observed at daily frequencies seems to get preserved in monthly data.

6 Conclusions

We propose more powerful score tests of predictability in the levels and squares of financial
returns by exploiting the non-normality of their distributions. For our purposes the conditional
distribution of returns can be either parametrically or non-parametrically specified.

We show that our score tests are equivalent to standard orthogonality tests of predictability
in which the regressand has been multiplied by a damping factor that reflects the skewness and
kurtosis of the data, as in the robust estimation literature. We also explain how to transform
the regressor to exploit the persistence of expected returns and volatilities.

Importantly, we show that our parametric tests remain valid regardless of whether or not the

assumed distribution is correct, which puts them on par with the Gaussian pseudo-maximum

3More formally, in both cases we find that the log likelihood function corresponding to a symmetric Student
t is hardly increased when we estimate an asymmetric ¢, or an asymmetric Generalised Hyperbolic (see Mencia
and Sentana (2009b) for details).
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likelihood (PML) testing procedures advocated by Bollerslev and Wooldridge (1992) among
many others. We also show that our non-parametric tests should be as efficient as if we knew
the true distribution of the data.

We present local power analyses that confirm that there are clear power gains from exploiting
the non-normality of financial returns, especially for variance predictability tests, as well as the
persistent behaviour of risk premia and volatility. We complement our theoretical results with
detailed Monte Carlo exercises that document the reliability of our mean predictability tests in
finite samples. In contrast, we find some mild size distortions in the conditionally homoskedas-
ticity tests. Given that y; is assumed i.7.d. under the null, it would be useful to explore bootstrap
procedures. In addition, we observe that our parametric tests offer clear power gains over the
usual Gaussian procedures even in those situations in which the assumed distribution is mis-
specified. Finally, we also observe that the finite sample power of the semiparametric procedures
is not well approximated by the first-order asymptotic theory that justifies their adaptivity.

When we apply our methods to monthly stock returns on the three Fama & French factors
for US stocks, we find clear evidence in favour of first order serial correlation in the size and
value factors only, slightly weaker evidence for persistent components in those factors, and no
evidence that such a component appears in the market portfolio. We also find strong evidence
for persistent serial correlation in the volatility of all three series.

It would be interesting to analyse the power gains of tests based on the wrong parametric
distribution along the lines of Amengual and Sentana (2010), who focus on mean variance effi-
ciency tests. Relatedly, we could study the effect of replacing the kernel-based non-parametric
density estimators that we have considered by either positive Hermite expansions of the normal
density (see e.g. Ledn, Mencia and Sentana (2009)), or discrete normal mixture models with
multiple underlying components. In this sense, it is worth mentioning that the robustness of the
parametric dynamic specification tests that we have highlighted holds for those flexible distrib-
utions for any finite number of terms. In addition, one would expect that the larger the number
of components, the closer one would get to achieving the adaptivity of the semiparametric tests.

Another interesting extension would be to consider nonparametric alternatives, in which
the lag length is implicitly determined by the choice of bandwidth parameter in a kernel-based
estimator of a spectral density matrix (see e.g. Hong (1996) and Hong and Shehadeh (1999)).
In addition, we could test for the effect of exogenous regressors in either the conditional mean or
the conditional variance, either in univariate contexts, or in multivariate ones, as in Fiorentini

and Sentana (2009). We are currently exploring these interesting research avenues.
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Appendix
A Proofs

Proposition 1

Given the discussion in Appendix D, to find the score function and conditional information
matrix all we need is the matrix Zg(65), which in turn requires the Jacobian of the conditional

mean and covariance functions. In view of (1), we will have that

Opy(m,0,w) /00" = (1 y_1—7m 0)

and
o (m,0,w)/00" = (00 1),
whence /2
w™ 0
Zdt(TF,O,W) = ft—l(as) 0 > (Al)
0 %w‘l
so that 12
Wy 0
Z4(mo,0,wo,mg) = 0 0o |- (A2)
0 %Wol
As a result, the score under the null will be
smt(m,0,w,m) —w 1 20f [e(65),7] /O
sp(m0.em) | = | =0f [a(0.).0] /02 - e1-1(6,)
Swt(ﬂ-705w7n) —50.] [6f [et( )777] /68* (05) + 1]
Similarly, the conditional information matrix will be
B -1/2 0 0
06y 0 0| Malm) Ml M)\ T qa0) 0 0
T T M) M) Mam) || 0 0 et o
2 () M(n) Mir(n) 0 0 0o I
i 0 0o I, r
w™ My(n) w_l/QEt 1(05)Mu(n) 3w 32 Mug(m) w2 My ()
_ | o Pa(@)Mu(n) G (@)Mu(n) e a1 (0)Mus(n)  e—1(05) M (n)
%OJ*:S/Z/\/[[S(’I]) ;w 1€t—1( S)Mls( ) %WﬁZMss(n) %WﬁlMsr(n) ’
W LM], () ct-1(0:) M, () LM, () M (m)
while the unconditional one becomes
w™ My (n) 0 w32 Mug(n) w2 M (n)

0 Mu(n) 0 0
%W_SDMZS("]) 0 iW_QMSS("]) %W_lMsr(n)
wlPMi(m) 0 WML (m)  Me(n)

This result confirms the expression for Z,,(¢), as well as the fact that the sampling uncertainty

in the ML estimators of 7, w and 7 is inconsequential for the asymptotic distribution of the test,

at least up to first order. O
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Proposition 2

As discussed in Appendix D.2, the asymptotic distribution of the Gaussian Pseudo ML

estimators and tests will depend on

"490(087 07 07 007 07 QO) = E[A99t087 07 O) 007 07 QO)|007 07 90]7
Ago:(0,0;0,0) = —Elhgg(0,0)|2, 1,150, 0] = Z5(0)K(0,0)Z;;,(6)

and
Booi(0,0;0, 0) = V[sg.(0;0)| z¢, I;_1; 0, 0]] = Zat(0)K (0, K)Z13,(0),

where

K (ook) = Vew(0,0)| 26, I,_1:0,0]] = | )

and o are the shape parameters of the true distribution of ;.

But given the structure of Z4;(0) in (A1) and the consistency of the Gaussian PML estimators
of m and w, which implies that F[e:(00)|00,0, 0g] = 0, it is clear that Age(8s,0,0; 8,0, gy) will
be block diagonal between p and 8 irrespective of the true distribution of ;. In addition,
App(05,0,0;0,0, 09) will coincide with Z,,(8s,0,00). A closely related argument shows that
Bee:(0,0; 6, 0) will also be block diagonal between p and 6, and that B,,(0s,0,0; 64,0, 0p) =
App(05,0,0;00,0,00). As a result, the Gaussian-based LM test for Hp : p = 0 remains valid

irrespective of the true distribution of ;. O

Proposition 3

We can use standard arguments (see e.g. Newey and McFadden (1994)) to show that

T N T 1 X
g Zj:l Spt((z)s’ 0) - g Zj:l Spt((bsoo’ 0) + T Zj:l hp¢st(¢soo> 0)ﬁ(¢s - ¢soo) + 0p(1)
T 1 1 -1
= g Zil Spt (@500, 0) — T Ethl hyg t(@s00: 0) [T ZtTZI he, ¢t (Pssos 0)
T
X g Zj:l S¢st(¢5007 O) + Op(l)a

where ¢, = (0%,m')". Hence, the asymptotic variance of g Z?:l spt(éﬁs,()) will be given by
fpp(esom 07 Moo’ 050, 07 QO)? where

~1 -1 -1
Fpp = Bpp = 2Ap¢s“4¢s¢s B;)tbs + Ap¢s“4¢s¢s Bg,¢,A sqssA;)qbsa
and By, Ayg,, etc. are the relevant elements of

8(087 07 n; 0807 07 QO) = V[S¢t(087 07 n)|0807 07 90)7
A<9570777§ 080707 QO) - _E[h¢¢t(087077])|080707 QO)
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Tedious but straightforward algebra shows that at p =0:

hart(¢p) = w0 In f[e(05),m] /O Oe*

heot(®) = 3w {0 In f[e1(05),m] /0™ 0™ - €4(65) + Oln f [e,(05),m] /Oe™}

honi(@) = —w 20 In f [e(85),m) /0" On’

howt(9) = $w {1+ 301 f [e1(05),m] /0" - €(05) + 307 In f [e4(05),m] /O 9* - €7(85)}
honi(d) = —3w20%In f[e,(05),m] /0" O - €,(05)

honi(¢) = 0*In f[er(05),m] /Onon’

Similarly, we can show that at p =0

hprt (@) = ‘*’71/2{82 In f [€:(65),m] /0™ 0™ - €-1(05) + Oln f [e1(05),m] /O™ }
howt(@) = %w_1{32 In f[e(05),n] /O™ 0c™ - €(05) + Oln f [€:(05),n] /O™ } - €1-1(05)
hpnt(¢) = -0’ f [et(as)v 77] /85*877 : Gt—l(as)

Given that the pseudo-true values of 7, w and n are implicitly defined in such a way that

E{0In f [€1(0500), Moo] /0" |p} = 0,
E{1401In f[e:(0s00); Neo] /02 - €(0s00) |} = 0,
E{0In f [€1(0s00), M) /OMlp} = 0,

the law of iterated expectations implies that

Elhant(foo)| Ii-159) = woo Hut(boo; )
Elhrot(Poo)l li-1:0] = 3032 His(dooi )
Ebmni(do)lli150] = —wi*Hir(doi )
Elhuwust (o) li—150] = Jwil[Hss(@oos ) — 1]
Elhunt($oo)Te-1:0] = 5000 Har($ooi ©)
Elhunt(doo)i-1:0] = Her(dooi p)

and

Elhort(boo)li-1:0] = wod?Hi(Poo; #) - €1-1(0so)
Elhpot(fo) li-150] = 2wl His(di0) - €1-1(0s00)

E[hpnt((ﬁoo)utfl; QO] = _HZT(¢00; 90) : etfl(esoo)
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where

Hu(pip) = E[0°Infee(0s),m] /0 0| Ii—1; )
His(d;p) = E[82 In f [e:(05),m] /O™ O™ - €4(05)|[1—1; ]
Hir(¢ip) = E[0°In f[er(85),m] /0" 0n|I-1; ¢
Hos(d3p) = E[0°Infe(65),m) /0% 0e* - }(05) | 1-1; ]
Hsr(q,);so) = E[821Hf[6t(95)7ﬂ]/85*3nl'€t(05)|ft—1;‘P]
Consequently,
Elhpri (o)) = wodPHu(doo; #) - Eler—1(0s00)|#]
Ehpt(Poo)l0] = woo His(¢;0) - Eler—1(0500) 0]
Ehpmi(@s)lel = —Hir(doe; @) - Eler—1(0s00)|¢]
where

Ele(8,) o] = Elw™2(y; — 7) o] = Elw™2(mo + wy/*ef — m)|o] = w2 (mg — 7).
On this basis, we can show that

Ap‘ﬁeA;ﬁ 0, = = ( Elet(0s00) |0l /wee 0 0 )

if we evaluate these expressions at the pseudo true values. Therefore, the only elements of

B(¢; ) that we need are the ones corresponding to 7 and p. But since

B(pip) = E[Biud:e)le],
Bt(¢;90) = V[Sqﬁt(es’Oan)’It—l;‘P]_ () ( a‘P) ()

¢
ei(Q) Ku(¢sp) Kis(dip) Ki(d: )
IC(¢, ‘P) =V est(¢) 12 ICZS( ) K:ss(d)v ) K:fsr(¢7 90)
ert(¢) Iclr( ) ’Csr(¢a ) lcrr(d); ‘P)

we will have that under the null of Hy : p =0,

wid woo? Eles(0500)|p0]

er(d);QO) Bﬂp(d);‘P) - K .
| = Kutgse Pl (Ouo)lps] Bl (0u0) 0]

Bﬂ'p(¢; ®) Bpp(¢§ ‘P)

Finally we obtain

fpp(esooa 0, Moo’ 0807 0, QO) = Kll(¢ooa (PO)V[EI‘/(OSOO”SOOL

which is precisely the denominator of the R? in the regression of dIn f[e(05),n] /Oe* on a

constant and €1 (0sx0)- O
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Proposition 4

Given that
W:j(ﬂ-O?O?wO?nO) = ( 0 %wal 0 ) )

it is easy to see that the symmetric semiparametric efficient score and bound are given by:

S0(90) = ZaO0)eu o)~ W(go) { - 010 (0.}, /95" H6.0) + 1] - 2 [eh(00) - 1)}

and .
) “My(n) 0 0
S(dg) = 0 Mu(n) 0
0 0 m

Similarly, we can use the expression for (A2) to show that the semiparametric efficient score

will be given by:

Zat(60, 00)eqr(00, 00) — Za(60, 00) [€at (60, 09) — K (0) K™ (¢, k) €41(600,0)] ,

while the semiparametric efficiency bound is

w™ My (n) 0 Tw™3 2 M4(m)
S(po) = 0 My(n) 0 -
| 2w PM(m) 0 102 Ms(m)
w72 0
00 0 {[ Mu(n)  Mis(n) ]
0 %wal Mls(n) Mss(n)

(10 1 o \Y'/10 w00
0 2 o k-1 0 2 0 0 %wal
wt 0 %w_?’/ggo

= 0 My (n) 0
1,32 0 1w (k1)

Lemma 1

The proof is trivial if we combine several results that appear in the proofs of Propositions 1,

2 and 4. O

Proposition 5

As explained in Appendix D, we must start once again by finding an expression for the

matrix Zg4. Given (11), we will have that
Op4(05,0)/00"= (1 0 0)
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and

007(05,0)/00' = (0 1 (y1—7)2—w ),

whence
—-1/2 0
Z4:(05,0) = [ 0 Twl } , (A3)
0 %[6?71(98) — 1]
so that
w_1/2 0
Za0,0m) = | 0wl |. (A1)
0 0

As a result, the score under the null will be

sxt(0s,0,1m) _W_1/28f[ +(6s),m] /Oe*
sut(05,0,m) | = —3w [Of [€(65),m] /0" - €(85) + 1] :
Sat(0s,0,1) —3[0f [e1(85), 1] /Oc* - €1(85) + 1][e7_1(85) — 1]

Similarly, the conditional information matrix will be

w1/ 0 0
0 1,1 0 Mu(m)  Mis(n)  Mir(n)
0 1[6 2(0 ) _ 1] 0 Mls(n) Mss(n) Msr(n)
o - o I, (m) M (n) Mer(n)
w20 0 0
X |: 0 sw™t L2 ,(0,)-1] 0 ]
0o 0 0 I,
w™My(n) 1032 Mys(m)
%W_?)/QMZS(T’) %W_QMss(n)
; _1/2[615 1(0s) — 1JMs(n) iw_l[ftz—l(OS) — 1JMss(n)
o VM, () Lo M ()
3w 26 1(85) — Mus(m) w2 My (1)
111‘*)_1[5% 1(0s) — 1]./\/135(7]) %W_lMsr(n)
il 1(0s) —1PMs(n)  3le?1(85) — UM (m) |’
%[5? 1( s) — ]M/sr( ) Mrr(n)

while the unconditional one becomes

L Mu(n) Tw™32 Mys(n) 0 Lw 12 My, ()
%wfs./les(n) %W72Mss<77) 0 %wilMsr(n)
0 0 5 Ms(m) 0

W PM () dwTIML(n) 0 M (1)

This result confirms the expression for Z,.(¢), as well as the fact that the sampling uncer-

tainty in the ML estimators of 7, w and n is inconsequential for the asymptotic distribution of
the test, at least up to first order.
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Proposition 6

Once again, the asymptotic distribution of the Gaussian Pseudo ML estimators and tests

will depend on

Agg(es, 0,0; 007 0, QO) = E[.Aggtgs, 0,0; 007 0, QO)|607 0, 90]7

Ap0t(0,0;0,0) = —E[hgg(0,0)|2z:,1;-1;0, 0] = Zg(0)K(0,0)Z},(0)
and
Beet(evo;aa Q) = V[Set(0§ 0)’ z¢, I11; 0, QH = Zdt(e)lc(%’i)zilt(o)a
where
1 v(o)
IC 5 :V 070 71— 707 =
(¢,k) [eat(0,0)| 2, I;-1; 0, O] olo) k(o) -1

and g are the shape parameters of the true distribution of ;.

But given the structure of Z(0) in (A3) and the consistency of the Gaussian PML estima-
tors of 7 and w, which implies that Ele?(04)|00,0, 0y] = 1, it is clear that Agg (85,0, 0;8,,0, gy)
will be block diagonal between « and @, irrespective of the true distribution of 1. In ad-
dition, A« (0s,0,0;80,,0, 0y) will coincide with Z,,(60s,0, 0y) provided that we use the true
value of k(@) — 1 instead of its value under normality. A closely related argument shows that
Boee:(0,0; 6, 0) will also be block diagonal between o and 6, and that B,,(0s,0,0; 64,0, 0y) =
31k(0)—1]A,p(05,0,0;6,0, 0y). As aresult, the Gaussian-based LM test for Hp : a = 0 remains
valid irrespective of the true distribution of y; as long as we replace the 2 in the denominator

by the variance of the score. O
Proposition 7

We can again use standard arguments (see e.g. Newey and McFadden (1994)) to show that

T - T 1 -
g Zf:l Sat(d’sy O) = g Zj:l Sat(d)soo; 0) + ? Zf:l ha¢st(¢soo7 O)ﬁ(q’)s — d)soo) + Op(l)
T 1 1 -1
— g Zf:l Sat(d’sooa 0) - ? Zf:l ha(ﬁgt(d)soo? O) |:T Zj:l h¢s¢st(¢soo7 O)

VT T
X thl S, t(Psoo 0) + 0p(1),
where ¢, = (0,n'). Hence, the asymptotic variance of g Zle Sat(¢,,0) will be given by
faa(osma 07 nOO; 0807 0’ QO)’ Where

faa = Baa - 2AQ¢S‘A(;3¢§B/Q¢S + Aaqﬁs A(;gl(bs B¢S¢S A(;j¢g A,a(ﬁs,
and Baa, Aag,, etc. are the relevant elements of

B(esa Oa n; 0807 07 QO) = V[5¢t(087 07 n)|080a 07 QO)?

A(esaoun;080707 QO) - E[h¢¢>t(9570777)|950707 QO)
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Tedious but straightforward algebra shows that at a =0 :
hart(¢) = 3w /{0 In f [e(05),m] /™0™ - €(B) + DI f [e4(05),m) 0™} - €1 (65) — 1]
+w 2{01n f [€1(85),m] /0" 0" - €4(65) + 1} - €-1(65)
hoawt(9) = §w O In f [e(65),m] /0" 0™ - €1(0,) + O n f [e4(65),m] /0" - €4(84)} - [e-1(85) — 1]
+5w {0 f [e(85),m] /0" D" - e4(05) + 1} - €1 (65)
hon (@) = —30°In f[(05),m] /070 - €1(05) - [ef_1(65) — 1]

Given that the pseudo-true values of 7, w and n are implicitly defined in such a way that
E{OIn [ [€1(0s00); Mso) /O |0} = O,

E{14+0In f[e1(0sc0),Noo) /O™ - €1(0500) |0} = 0,

E{0In f [€1(0s00), Moo] /OMlp} = O,

the law of iterated expectations implies that

Ehart(@)le] = 3w *His(booi @) - Elef1(05) — 1|¢]
Ehawt(b)l@] = fwod [Hss(boo; ) — 1] - Elei_1(05) — 1]¢]
E[hant(¢m)|‘P] = —%le((ﬁo& ®) - E[fg—l(OSOO) — 1j¢p]

where Hs(d; @), Hss(P; ¢) and Hs,(; ) are definied in the proof of Proposition 3, while
E[}(65) o] = Elw™ (g —7)lipo] = Blw™" (mo+wy*ef =m)lpo] = w ™ [(mo—m)"+(wo—w)]:

Similarly, it is clear that when a = 0 the expressions for the Hessian elements corresponding
to m, w and n will coincide with the ones obtained in the proof of Proposition 3 evaluated at
p =0, and the same is true of their expected values.

On this basis, we can easily show that
"40“755"4;:% = (0 El€(0sx) — l|ppglwss 0)

if we evaluate these expressions at the pseudo true values. Therefore, the only elements of

B(¢; @) that we need are the ones corresponding to w and «. But since

B(p;p) = E[Bi(d;e)le],

Bidip) = Vlsgi(0s,0,m)| Li-1; ] = Zi(0)K(¢; ) Z1(0),
where K(¢; ) is also defined in the proof of Proposition 3, we will have that under the null of
HO L= 0,

Buoldi o) Bualdio)] 1. wi? W E[2(0.00) — 1]p0)
Bua(d: ) Baaw;so)}‘4’@8(“’””)[woolE[e%<em>—1|soo] (800 — 1Pl70} |-
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Finally we obtain

1
faa(esom 0, Noos 9507 0, QO) = Z’CSS((boo; SOO)V[Eg(OSOO)”QOO]a

which is precisely the denominator of the R? in the regression of 14€;(0500)01In f [64(0500), Moo] /O™

on a constant and €2 (Qso0)- O

Proposition 8

Given that
W:j(ﬂ-O?O?wO?nO) = ( 0 %wal 0 ) )

it is easy to see that

] w™tMy(n) ? 0
S(gg) = 0 (r—Dw? 0
0 0 2 M(n)

Similarly, we can use the expression for (A2) to show that

[ w  Mu(n) 0 3032 Mi(n)
S(pg) = 0 FW EMs(m) 0 -
L %w73/2Ml5(77) 0 KT_lMSS(’r’)
w12 0

00 1,1 {[ Mu(n)  Mis(n) ]
0 2 00 Mis(n)  Mss(n)

_(1 0)(1 o >1<1 0) G
0 2 o k-1 0 2 0 dwyt 0
wt %w*3/24p 0

= %w_?’/ggo sw (k- 1) 0 ] .
0 0 5l Ms(m)

Lemma 2

The proof is trivial if we combine several results that appear in the proofs of Propositions 5,

6 and 8. 0
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B Local power calculations

Let my(61,02) denote the h influence functions used to develop the following moment test
of Hy: 05 =0:
My = T/ (019,0)® 'mz(61,0), (B5)

where m7 (610, 0) is the sample average of m;(0) evaluated under the null, and ¥ is the corre-
sponding asymptotic covariance matrix. In order to obtain the non-centrality parameter of this
test under Pitman sequences of local alternatives of the form Hy : @a7 = 05 / VT, it is convenient

to linearise my (619, 0) with respect to 82 around its true value @op. This linearisation yields

VTinr(019,0) = VTing (019, 0ar) + % Zil %02’0;7’)92»
where 65, is some “intermediate” value between G271 and 0. As a result,
VT1r(610,0) — N[M(810,0)82, ¥],
under standard regularity conditions, where
M(619,0) = E[0my(619,0)/005],
so that the non-centrality parameter of the moment test (B5) will be
05M’ (610, 0)T " M(810, 0)8s. (B6)

On this basis, we can easily obtain the limiting probability of Mr exceeding some pre-
specified quantile of a central X% distribution from the cdf of a non-central x? distribution with
h degrees of freedom and non-centrality parameter (B6).

Finally, note that (B6) remains valid when we replace 619 by its ML estimator under the
null if my(61,0) and the scores corresponding to 67 are asymptotically uncorrelated when Hy is
true, as in all our tests under correct specification. In addition, both M(619,0) and ¥ coincide
with the (2,2) block of the information matrix when m; (81, 602) are the scores with respect to
05. This result confirms that the non-centrality parameters of LM and Wald tests will be the

same under sequences of local alternatives, which simplifies their computation.

Serial correlation tests

Let us assume without loss of generality that # = 0. The first-order serial correlation test is

effectively based on the influence functions
Myt (0s, p) = yryr—1 — Gyy(1)
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evaluated at p = 0. But since
h
_ E l
Yt = <1 + =1 pL > Et,

we will have that

Gyy(0) =1+ (h — 1)02]02

The Yule-Walker equations of the model considered in (9) will be given by

Gyy(1) Gyy(1) Gyy(h—1)
GEO§ =  rlltg@tt 51€<o>
Gyy(2) Gyy(1) Gyy(h—2)
G =  Pla,o Tt TS

G- _  [Gulh=2) |, Gy(h—3) Guu(1)
Gyy(0) P =G0 Gy©@ T Gy(0)

whence

p

Gyy(1) = m[l + (h—1)p?lo”.

Hence, it trivially follows that
Ml(057 0) = E[amlt(asa O)/ap] = —0”.
As for the asymptotic covariance matrix, the proof of Proposition 2 implies that if p = 0, then
VT T
VTmy;(8,,0) = - Zt:l vy, — N(0,0%)

irrespective of the distribution of ;. As a result, the non-centrality parameter will be p? regard-
less of h.

In contrast, the test that uses the influence function

Yt Z?:l Yg—1 — Zlhzl ny(l)

will be asymptotically equivalent to the Wald test based on the Gaussian PML estimator p,
whose non-centrality parameter is hp?, which is clearly bigger than p? for any h > 1.

It is also interesting to study the opposite situation in which we decide to use the influence
function that involves h—period returns when in fact the true model is an AR(1). Since Gy (1) =
plo? in that case, Z?:l Gyy(1) will be equal to (1 — p"*1)o2/(1 — p). Therefore, M;(65,0) will
also be equal to —o2. But since the asymptotic covariance of the sample average of 1; Z?:l Ye—i
is ho* under the null, the non-centrality parameter will be h~'p?, which is clearly below p? for

any h > 1.
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GARCH tests

To keep the algebra simple, we assume once again that m = 0, that the conditional variance
has been generated according to a GARCH(1,1) process and that the conditional distribution
has constant kurtosis coefficient x. The fixed-3 GARCH test is based on the following influence

function:

o s
ma(0?,8) = (af — 0" Y Bl -0
As is well known, Bollerslev (1986) showed that a GARCH(1, 1) model implies the following

ARMA(1, 1) process for z2:

(27 — 0%) = (a+ B) (71 — o) + 1 — By,

where 7, is the martingale difference sequence z? — 7. As a result,
1 —2ap — 2
V(z}) = ———V
(xt) 1— (Oé + B)Q (7715)7
1—(a+p)B
cov(x?, 22 |) = WQV(TH)»

and

cov(}, a}_;_1) = (a+ B)eov(af, af_;) = (a + B) ' cov(a}, a7_y)
for any j > 1, so that

2 42 ) = [1— (o +B)p]

cor(zi,xy_q) = 208 7 a,
cor(:L‘tQ, x?_j_l) = (a+ ﬁ)ﬂ_lcor(:pf, xt2—1)'
But since we know that
1 —2a8 — B>
V(a?) = ap = 5 S(k—1)o*
1— ka2 —2aB8 -4
when ko2 4 2a8 + 8% < 1, it immediately follows that
1— (a+ B)?
Vi) = — O 1yo

1 — ka2 — 2a8 — 2
As a result, the expected value of mg (o2, ) under the alternative will be given by

o [1 — (a+B)f]

= K — 0'4.
N 1—B(a+ﬁ)1—m2—2a5—52( 2

S Blact BV Bl — o)y — %)

If we expand this expression with respect to a at o = 0, we finally obtain

—(k — 1)o*.

1-pB
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Hence, the non-centrality parameter will be

1-F

1-pp)2
Specifically, for 5 = 0 the non-centrality parameter will be a?, while for 3 = 1 the non-centrality
parameter becomes 0 because the regressor has infinite variance while the regressand does not.
Not surprisingly, the maximum of this expression is achieved for = /3, in which case its value
is

Oé2

1-p*
which is bigger than o, the more so the closer 3 is to 1.

C Simulation of standardised random variables

C.1 Discrete location scale mixtures of normals

Let s; denote an 4.i.d. Bernoulli variate with P(s; = 1) = A. If z|s; is 3.i.d. N(0, 1), then

ef = ! la(st a4 itd — sV

Zt|
1+ (1 — \)6? VA+ (1= A)x

where 6 € R and 2 > 0, is a two component mixture of normals whose first two unconditional

moments are 0 and 1, respectively. The intuition is as follows. First, note that §(s; — A) is a

shifted and scaled Bernoulli random variable with 0 mean and variance A\(1 — )62, But since

se+ (1 — St)\/;z
VAT AN

is a discrete scale mixture of normals with 0 unconditional mean and unit unconditional variance

that is orthogonal to (s — A), the sum of the two random variables will have variance 1+ A(1—
\)62, which explains the scaling factor.

An equivalent way to simulate the same standardised random variable is as follows

. { N{pi(n),0%%(n)] with probability A

_ 1
“t =\ N[u5(n), 02(n)] with probability 1 — A

where n = (0, 52, A)" and

i) = —2=d
14+ A1 — N)s?
pam) = e = i),
14+ A1 = \)o?
. B 1
o) = [T+ X1 = NN+ (1 =N’
o5(n) = 5 = s072(m).

[T+ A1 = N8N+ (1 —N)5]
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Therefore, we can immediately interpret ¢ as the ratio of the two variances. Similarly, since

_ pi(m) — pi(n)
VAaii(m) + (1= AN)ai*(n)
we can also interpret § as the parameter that regulates the distance between the means of the

two underlying components. In particular, if we set § = 0 then we will obtain a discrete scale
mixture of normals, which is always symmetric but leptokurtic.

The parameters A, § and s determine the higher order moments of €} through the relationship
E(€’) = AB(}|si = 1) + (1= N E(&}|s; = 0),

where E(el|s; = 1) can be obtained from the usual normal expressions

E(ef|sy =1) = pi(n)

E(ef?]sy = 1) = pi2(n) + o32(n)

E(ef3]sy = 1) = p*(n) + 35 (m)o2(n)

E(eft|s; = 1) = pi*(n) + 6p2(n)o?(n) + 3054 (n)

E(ef|s; = 1) = pi°(n) + 10p33 (n)oy?(n) + 153 ()t (n)

E(ei%s: = 1) = pi%(n) + 15u1* (n)oi?(n) + 45152 (n)o*(n) + 15075 (n)

etc. But since E(ef) = 0 and E(g}?) = 1 by construction, straightforward algebra shows that
the skewness and kurtosis coefficients will be given by

30 (1 — A)(1 — ») S3(1—=MA1 —2))
A+ (L= X)s[1+ A1 =N)P2 0 [1+A(1 = N)§°3/2

B(e}?) =

and
3+ (1 — \)s?] 602A(1 — A)[(1 = A) + 2]
A4 (1= N)22[1+ A1 = N)6%2 A4 (1 = N)x[1 + A1 — N)é%)2
SN = N1 —3X(1 = \)]
[14+ A1 — N)6%]2

A useful property of finite normal mixtures is that they span the entire skewness-kurtosis frontier

E(er*)

E(ef*) > 1+ E2(ef?) (see Stuart and Ord (1977)). In this sense, note that another way of

obtaining discrete normal mixture distributions that are symmetric is by making A = % and
»x=1.

Finally, note that we can also use the above expressions to generate a two component mixture
of normals with mean 7 and variance w? as

[ N(py,0%) with probability A
=N (19, 03) with probability 1 — A

with

p = m+wpi(n)

po = T+ wus(n)
o7 = woii(m),
o5 = wos’(m).
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Interestingly, the expressions for s« and § above continue to be valid if we replace pj(n), p5(n),

’{2(?7) and 032(77) by g1, fia, U% and Ug-

C.2 Generalised hyperbolic

Let &, denote an i.i.d. Generalised Inverse Gaussian (GIG) random variable with parameters
—v,v and 1, or GIG(—v,~,1) for short. Mencia and Sentana (2009b) show that if z|&, is i.3.d.
N(0,1), then

—1
et=c<ﬁ,u,v>ﬁ[”5t —} 7@ S NEGRE

Ry ()
is a standardised Generalised Hyperbolic (GH) distribution with parameters (3, and 7, where

~1+ /1 + 48Dy p1(7) — 1

c(Bvy) = 28°[Dy41(7) — 1]
Ry(vy) = %ZS)
Dy41(7) %W

and K, (.) is the modified Bessel function of the third kind. In turn, the GH distribution is a

special case of the more general location scale mixtures of normals considered in Mencia and

Sentana (2009a), in which &, is a positive random variable with an arbitrary distribution.
Mencia and Sentana (2009b) also provide expressions for the third and fourth moments of

the GH distribution, which in the univariate case reduce to

K3 (v) K7 (7)
K} ()

E(e®) = (B,) [ 3Dy (1) + 2} 8% 1 32(8,1,7) [Dysr (1) — 1] 8

and

Kyias (MK () Kos () KD ()
Ky () K} (7)

Kyi3(7) K7 () —2Dyi1 (7) + 1] B2+ 3D,41 (v) (B, v, 7).

+ 6D1/+1 (7) -3 B4

E(e) = A (B.v.7) [

K} ()

+6¢*(8,v,7) [

C.2.1 Asymmetric and symmetric versions of the Student t

The asymmetric ¢ distribution is nested within the GH family wheny = 0 and —oo < v < —2.
If we define n = —1/(2v), then for n < 1/4 we will have that

| a1+ 8%/ (1 —4n) =1

0(57 v, ’7) = 277 262 ’
v K,
b B) o Konl) _ n
¥y v—oo YKy(y)  1-2n
K, K, 1-2
Dy+1(’}/) — +2(7) (’Y) — 77
Kqul(’Y) 1- 477
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Therefore, we can easily simulate an asymmetric standardised Student ¢ distribution as:

ef =c(B,v,v)B [(1;—&2”) - 1] + 1/%\/ c(B,v,7)at,

1

where &, ~ i.i.d. Gamma with mean n~! and variance 2n~!, and 2/|¢, is i.i.d. N(0,1).

If we further assume that n < 1/8, then

Kys(MEZ () _ _ (1-2p)?

K} () (1—4n)(1—6n)
Kya(ME) () _ (1-29)°

K}y (7) (1 —4n)(1 —6n)(1 — 8n)

so the skewness and kurtosis coefficients of the asymmetric ¢ distribution will be:

772
(1 —4n)(1—6n)

E(ef%) = 16¢*(8,v,7) 3% +62(8,v,7) B

1—4n
and

1°(10n + 1)
(1 —4n)(1 —6n)(1 — 8n)
n(2n+1) 1— 2
TETre e CAZR

Not surprisingly, we can obtain maximum asymmetry for a given kurtosis by letting || — co. In

E(e*) =12¢4(B,v,7) s

+12¢%(8,v,7)

contrast, a standardised version of the usual symmetric Student ¢ with 1/7 degrees of freedom is
achieved when 8 = 0. Since limg_,g ¢(8,v,7) = 1, in that case the coefficient of kurtosis becomes

1—-2n

B = 37—

for any n < 1/4.
C.2.2 Symmetric Laplace distribution

The asymmetric Laplace distribution is another special case of the GH distribution, which
is achieved when v = 0 and v = 1. In fact, it is a special case of the asymmetric normal-gamma
mixture, which allows v to be any positive parameter. The symmetric Laplace distribution is

very easy to generate as
*
€ =V ftztv

where £, is an i.i.d. exponential (i.e. a Gamma with mean 1 and variance 1), and 2§, is i.i.d.

N(0,1). As is well known, the kurtosis coefficient of a symmetric Laplace distribution is 6.
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D Econometric methods

D.1 Log-likelihood function, score vector, Hessian and information matrices
Let ¢ = (0',m)" denote the p + r parameters of interest, which we assume variation free.

Ignoring initial conditions, the log-likelihood function of a sample of size T' based on a particular

parametric distributional assumption will take the form Lp(¢) = Zle li(p), with l;(¢) =

di(0) +1In f [](0),n], where d;(0) = —1/21In02(0), £} (0) = £(0)/0+(0) and £:(0) = yr — 11,(6).
Let s;(¢p) denote the score function 0l;(¢)/d¢p, and partition it into two blocks, sg:(¢p) and

syt (), whose dimensions conform to those of @ and 7, respectively. If o7(8) is strictly positive

and 11,(0), 07(0) and f(c*,m) are differentiable, then we can use the fact that
0dy(0)/00 = —35 - 07%(8) - 007(0)/00 = ~Z1(0)
and

0:7(0)/06 = —0;'(6) - 0p,(6)/00—50,(0) - 957(8) /96 - £ (6)
= —Zu(0) — Zs(0)e;(0),

to show that

@) = “og + LSO (26). 240 | 19 | = Zat)eats)
spt(¢) = Olnf[ef(0),n]/0n = eq(9),
where
ex(0,m) = —0lnfle;(0),n] /0",
est(@,m) = —{1+¢;(0)-0Inf[e[(0),n] /0" },

depend on the specific distributional assumption.
Let h¢(¢) denote the Hessian function ds;(¢)/0¢" = 0%1;(¢p)/0pO¢’. Assuming twice differ-

entiability of the different functions involved, we will have

hoor(¢) = 22000 @)+

00’
hgni(@) = Z;(0) 86&;7&)

hyni(¢) = 0°Inf[e}(8),m] /omon',

P240).,.(6) + 20)

+ Zst(e) aeéigl(ﬁ)

8€lt(¢)
00’

8est (¢)
06’

+Z4(0)
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where

0Zy;(6)/08' = —5 - 0,°(6) - 0p,(8)/06" — 0 (6) - 9*1if (6) /0608,
0Z5(0)/00' = -1 - 6,4(0) - 057(0)/06' — L - 5,2(0) - 9*57(0)/0608/,
ey (¢)/060" = 0°In f [£(0),m] /0" 0" - Ziy(8) + 0 In f [](6),m] /00" - /() - Z ()
Desi(9)/06" = {9n f [7(0),m] /0" + & In f [ (6),m] /0™ D™ - 7 (0)} Z},(6)
+{OIn f[6£(0),n) /0" - £1(0) + & In [ [¢{(8),m] JOe*De* - £7*(6)} - Zy(6)

and 02In f(g*,n)/0c*0c*, 0%In f(c*,n)/0c*On’ and Oln f(*,1)/0nOn’ depend on the specific
distribution assumed for estimation purposes (see FSC for the Student t).

Given correct specification, e;(¢) = [€/,(¢), e, ()]’ evaluated at the true parameter values
is an iid sequence, and therefore, the score vector s;(¢) will be a vector martingale difference
sequence. Then, the results in Crowder (1976) imply that, under suitable regularity conditions,
the asymptotic distribution of the feasible ML estimator will be v'T (¢7 — ¢g) — N[0,Z7 ()],
where Z(¢) = E[Zi(¢hg)| o], where

Zi(¢) = —FEh(d)lz, Li-1;¢] =V [si(d)|z,, [i-1; d] = Z:(0)M(1)Zy(6),
B Zsy(0) 0\ [ Z,(0) Zy(6) O
ao) = (%37 1) =% " 1)

and

In the Student ¢ case, this matrix is simply

v(v+1)
T2 — 0,
M(n) = 0 (U +3) _‘(yfz)(y+1)(y+34)[ , -
602 vt I (v ) (41 v |vi4+(v—4)—8
0 T2+ )w+3) 4 W (5) - (T)] T 2(-2%(v+1)(v+3)

where 9(.) is the di-gamma function (see Abramowitz and Stegun (1964)), which under normality

1 0 O
M(n)<02 O).
00 3/2

D.2 Gaussian pseudo maximum likelihood estimators

reduces to

Let 7 = argmaxg L7(6,0) denote the Gaussian pseudo-ML (PML) estimator of the con-
ditional mean and variance parameters @ in which 7 is set to zero. As we mentioned in the

introduction, 87 remains root-T' consistent for 8y under correct specification of 1,(8) and o2(6)
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even though the conditional distribution of &f|z, I;_1; ¢y is not Gaussian, provided that it has
bounded fourth moments. Proposition 2 in Fiorentini and Sentana (2007) derives the asymptotic

distribution of the pseudo-ML estimator of 8 when €} |z, I;_1; ¢y is i.i.d.:

Proposition 9 If €f|zt, I;—1; ¢y is i.i.d. D(0,1,m¢) with ko < o0, and the regularity conditions
A.1 in Bollerslev and Wooldridge (1992) are satisfied, then /T (01 — 60y) — N [0,C(¢y)], where

C(d) = A~ (¢)B(d) A (),
A(¢) = —E [hge:(0,0)|¢] = E[Ai(9)|@] ,
Ai(¢p) = —E[hgg:(0;0)| 2, I;_1; P] = Z4(6)K(0)Z (),
B(¢) =V [s6:(6,0)|p] = E[Bi(9)|4],
Bi(¢p) = V[set(0;0)| z¢, I1—1; ] = Zar(0) (k) Idt(e)>

_ O B )
and IC (807/1) - V[edt(07 0)’ Zt, —[t—17 d)] - S0(,’7) KJ(’I’]) _ 1 ) <D9)
which only depends on 1 through the population coefficients of asymmetry and kurtosis
p(m) = E(m). (D10)
wm) = B(n). (D11)

Given that ¢(n) = 0 and k = 2/(v — 4) for the Student ¢ distribution with v degrees of

freedom, it trivially follows that in that case Bi(¢) reduces to

1 9p(6)

O (0) L v 1 1 00%(0)0c5%(0)
o2(0) 00 '

-1
%(0) 00" 2w —4)0sk0) 00 00

D.3 Semiparametric estimators of 0

Gonzalez-Rivera and Drost (1999) obtain the semiparametric efficient score and the corre-

sponding efficiency bound for univariate models:

Proposition 10 If €f|z:, I;—1; 60, 0 is i.i.d. (1,0) with density function f(e}; ), where @ are
some shape parameters and @ = 0 denotes mormality, such that both its Fisher information
matriz for location and scale

Mad (@) =V [eat(0, 0|z, I1-1; 0, 0]
cit(6; 0) —0ln f[ef(6); 0] /0<* ] ‘ }
= V 0, - V * * * 0’
{ [ est(0, 0) ” Q} { [ —vec{In + 0ln f[e}(0); 0] /0™ - ££(0)} e
and the matrixz of third and fourth order central moments
K (o) =V]euw(0,0)| 2z, I;—1;0, 0 (D12)

are bounded, then the semiparametric efficient score will be given by:

Za (00, 00)eqt(00, 09) — Za(60, 00) [ea(0, 0y) — K (0) K~ (¢, k)eq (600, 0)] (D13)
while the semiparametric efficiency bound is
S(¢9) = Za (00, 09) — Za(60, €0) [Maa (09) — K (0) K (0, £)K (0)] Ziy(80, 0o) (D14)

where + denotes Moore-Penrose inverses, and Zgg(0, 0) = E [Z4(0)Maq(0)Z,,(0)]6, o] .
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In practice, f[ef(0); @] has to be replaced by a non-parametric density estimator, which is
typically obtained by kernel methods.

Hodgson and Vorkink (2001), Hafner and Rombouts (2007) and other authors have suggested
semi-parametric estimators of @ which limit the admissible distributions of f|z, I;—1; ¢ to the
class of symmetric ones. Proposition 7 in Fiorentini and Sentana (2007) provides the resulting
elliptically symmetric semiparametric efficient score and the corresponding efficiency bound:

Proposition 11 When €f|zs, I;—1, ¢q is i.i.d. s(0,1, 09) with 1 < kg < 00, the elliptically sym-
metric semiparametric efficient score is given by:

Sot(Po) = Zat(00)ear(Po) — Ws(p) {— [l +¢€4(00)0In f[7(0); 0] /0™ - /<e02— 1 €7 (60) — 1]} ;
(D15)
where

W.(60) = 2o (| ) = Bza@iool () = £ 20 e} 0w

while the elliptically symmetric semiparametric efficiency bound is

S(bo) = Too(cbo) — W (o)W () - [Mssmo)— ! } (D17)

Ko — 1

In practice, eg () has to be replaced by a semiparametric estimate obtained from the density
of e that imposes symmetry. The simplest way to do this is by averaging the non-parametric
density estimators at ¢; and —ef. Alternatively, one can estimate the common density of +&f

from the density of the Box-Cox transformation k~t|ef|¥ — 1 for some &k > 0.

D.4 Student t-based pseudo maximum likelihood estimators

Let @7 = arg maxg L7(0,n) denote the t-based pseudo-ML (¢-PML) estimator of the condi-
tional mean and variance parameters @ obtained by assuming that the conditional distribution
is t(0,1,n). Proposition 13 in Fiorentini and Sentana (2007) shows that this estimator is as-
ymptotically equivalent to the Gaussian PML estimator when the conditional distribution is
platykurtic. They also show that if the conditional mean and variance can be parametrised as
in Linton (1993) and Newey and Steigerwald (1997), then some of the reparametrised mean and
variance parameters will be consistently estimated even if the true conditional distribution is
not a Student £. In our context, the robustness of the Student ¢ serial correlation tests under
conditional symmetry follows from the fact that the only parameter that is inconsistently esti-
mated is w in those circumstances. More generally, its robustness under possibly asymmetric
distributions derives from the fact that we can reparametrise the mean of (1) as dv/w + pyi—1.

Therefore, the t-based ML estimator of p continues to be consistent even if the estimators of
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w and 7 are inconsistent. The argument for the « is slightly different, because a Student log-

likelihood function can only estimate a/w consistently in those circumstances.

Nevertheless,

given that « is 0 under the null, the t-based ML estimator of o continues to be consistent even

if the estimators of w and 7 are inconsistent.

D.5 Discrete mixtures of normals based pseudo maximum likelihood estima-

tors

The EM algorithm discussed by Dempster, Laird and Rubin, D. (1977) allows us to obtain

initial values as close to the optimum as desired. The recursions are as follows:

A= th lw(yt,Cf’ )

i = 5\(” T Zytw v "),
Aln 1 1 . a(n—1
fry = = )yl —w(ys ¢ )],
13T ;
2 1 1< (n 2
o = T E?J?w(yt; Pt 1) - (ﬂln) )
A t=1
- 130T > vFll - wlys ") - (A5")
- =1

where
7o (42)
w(ys; @) = w <yt M) i <yt M)
N A ¢[6t(9s)iu1( )}

‘71("7)

— o1 (n) . ‘
e [l A [0 i) = wle(05); 7]
of (n) g4 (n) 0'2 17) o3 HE))

and ¢(.) denotes the standard normal density.

From those recursions it is easy to check that

~ ~(ni(n ~(n :(n 1 T
#n = Mg)\ +Mé( 1=A ):thzlyt

5_2(n _ [([Lgn)2 A2(n])\( + [( (n ) + 0.2( ](1 . 5\(”) _ (ﬁ_(n)Q _ %ZZ;I yg _

for all n regardless of the values of ¢ 1. This means that S\(n, s = 6?” / c}f(n

~(n A(n

8( :U’l M9

and

will yield the EM recursions for a mixture model parametrised in terms of 7, w? and A, § and

», which are the parameters of the standardised version in Appendix C.1.
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Since the ML estimators constitute the fixed point of the EM recursions, (i.e. ¢ = ¢(™),
another implication of the above result is that # and &2 coincide with the Gaussian PML
estimators. As a result, we can maximise the log-likelihood function with respect to A, § and
s keeping 7 and 62 fixed at their Gaussian pseudo ML values. Interestingly, this somewhat
surprising result will continue to be true even in a complete log-likelihood situation in which we
would observe not only 3 but also s;. In addition, it is straightforward to prove that the same

result holds for finite mixtures of normals with more than two components.
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Table 1

Test power

(a) AR(1) tests. DGP: Student s (p=2/v/720, a=£=0)

Normal Student DMN  SSP SP
Rejection rate 0.495 0.563 0.558 0.549 0.539
Size adjusted 0.489 0.552 0.547 0.536  0.529

(b) AR(1) tests. DGP: DMN(p=-.5,k=6,A=.05) (p=2/1/720, a=3=0)

Normal Student DMN  SSP SP
Rejection rate 0.497 0.551 0.558 0.545 0.539
Size adjusted 0.512 0.561 0.570  0.559 0.548

(c) ArcH(1) tests. DGP: Student tg (p=0, a=2/+/720,8=0)

Normal Student DMN  SSP SP
Rejection rate 0.374 0.442 0.407 0.376 0.351
Size adjusted 0.423 0.458 0.432 0.394 0.362

(d) ArcH(1) tests. DGP: DMN(p=-.5,s=6,A=.05) (p=0, a=2/+/720,5=0)

Normal Student DMN  SSP SP
Rejection rate 0.357 0.499 0.496 0.445 0.427
Size adjusted 0.411 0.516 0.510 0.450 0.434




Table 2

Descriptive statistics

Portfolio Means Std.dev. Skewness (¢) Kurtosis (k)

Market 485 4.307 -.599* 5.245*
SMB 189 2.969 573 9.441*
HML 397 2.718 .078 5.797*

Notes: Sample: January 1953-December 2008. Definitions: Market: Value-weighted portfolio of all

NYSE, AMEX and NASDAQ stocks; SMB: Size factor; HML: Value factor. The symbol * means statis-
tically different from its value under normality at the 5% level.



Table 3

Serial correlation tests (p-values, %)

ARr(1)
Normal | Student | SSP | DMN | SP
Market | 1.63% 7.89%  7.78% 31.10%  26.59%
SMB | 11.60% 0.13%  0.02%  0.03%  0.01%
HML 0.03% 0.01%  0.01%  0.03%  0.03%
AR(12)
Normal | Student [ SSP | DMN | SP
Market | 22.14%  29.18% 30.42% 96.45%  87.73%
SMB 4.61% 0.11%  0.12%  0.02%  0.27%
HML 3.17% 1.25% 1.07% 0.49% 4.37%

Notes: Sample: January 1953-December 2008. Definitions: Market: Value-weighted portfolio of all
NYSE, AMEX and NASDAQ stocks; SMB: Size factor; HML: Value factor. PML refers to the Gaussian-
based ML estimators, Student to the t-based ones, DMN to the ones based on a two component mixture
of normals, SSP to the symmetric semiparametric estimators and SP to the general semiparametric

estimators.




Table 4

Conditional heteroskedasticity tests (p-values, %)

ARrcH(1)
PML | Student | SSP | DMN | SP
Market | 0.06%  0.00% 0.00% 0.09% 0.03%
SMB | 0.00%  0.00% 0.12% 0.00% 0.43%
HML | 0.00%  0.00% 0.00% 0.00% 0.00%
GArcH(1,1)
PML | Student | SSP | DMN [ SP
Market | 0.14%  0.00% 0.00% 0.00% 0.00%
SMB | 0.00%  0.00% 0.00% 0.00% 0.00%
HML | 0.00%  0.00% 0.00% 0.00% 0.00%

Notes: Sample: January 1953-December 2008. Definitions: Market: Value-weighted portfolio of all
NYSE, AMEX and NASDAQ stocks; SMB: Size factor; HML: Value factor. PML refers to the Gaussian-
based ML estimators, Student to the t-based ones, DMN to the ones based on a two component mixture
of normals, SSP to the symmetric semiparametric estimators and SP to the general semiparametric

estimators.




Figure 1: Tests of predictability in mean

(a) Densities of standardised observations
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Figure 3: Power of mean dependence tests at 5% level against local alternatives

(a) AR alternatives. Gaussian DGP
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Figure 4: Tests of predictability in variance

(a) Densities of standardised observations
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Figure 5: Power of variance dependence tests at 5% level against local alternatives

(a) GARCH(1,1) alternatives. Gaussian DGP
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