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Abstract
Continuous-time models play a central role in the theory of finance whereas empirical finance makes use of discrete-time models. This article investigates the connection between the two
classes of models, particularly between conditional heteroscedastic and diffusion processes. As
was advocated earlier by Stroock and Varadhan (1979), under some sets of conditions ARCH-type
models weakly (in distribution) converge to diffusion processes as the time interval shrinks to zero.
We provide the required set of conditions that ensures such a convergence and focus on the kind
of the diffusion limit recovered. In the general setting, the diffusion is bivariate and driven by two
possibly correlated Brownian motions. We illustrate this result for particular GARCH(1,1) specifications, the augmented GARCH (1,1) and a non-linear specification CEV-ARCH. By imposing
an alternate set of conditions regarding the speed of convergence of parameters, a degenerate case
is obtained. In the latter, the diffusion limit is governed by a single Brownian motion characterizing the price process while the volatility process becomes deterministic. Finally, we propose a
discrete-time heteroscedastic model which shares various properties with ARCH-type models and
converges to the complete model with stochastic volatility (CMSV) introduced by Hobson and
Rogers (1998) for which the price and the volatility processes are driven by the same Brownian
motion. Our analysis bears directly on the market completeness and unicity of asset prices issues.
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Introduction

Continuous-time models play a central role in the modern theoretical ﬁnance
literature, while discrete-time models are often used in the empirical ﬁnance
literature. Besides, theoretical ﬁnance has been mainly treaded in terms of
stochastic diﬀerential equations (SDE), whereas in practice observations are
generally made in discrete time, despite the availability of the high frequencies data.
The two classes have often been brought into conﬂict as two competitive views of the appropriate variance concept. Nevertheless, through the
convergence of discrete time Markov sequences towards continuous time diffusion process, we may legitimate mutual complementarities and possible
inter-changeability between them in various ﬁnancial applications such as
parameters estimation, forecasting or options pricing.
Depending on econometricians’ needs, two directions of approximations
are possible. On one hand, discrete time models may interestingly be considered as diﬀusions approximation. The advantage of this approximation
lies essentially in estimating and forecasting. From a theoretical standpoint,
GARCH models are able to give a consistent estimate of the volatility of a
continuous time stochastic process as the sample frequency gets larger and
larger, even in the presence of serious misspeciﬁcations [see Nelson and Foster (1994), and Nelson (1992)]. Thus rather than estimating and forecasting
with a diﬀusion model observed at discrete time points, it may be much
easier to use a discrete model directly. On the other hand, approximating
discrete time models by diﬀusion processes is a way to simplify the analysis of discrete models and give insights into their workings, thanks to the
tractable treatments in continuous time permitted by Itô calculus. For instance, the probabilistic and statistic properties of discrete time models such
as stationary, moment ﬁniteness, consistency and asymptotic normality of
maximum likelihood functions are diﬃcult to compute with the non-linear
discrete time stochastic diﬀerence equations (ARCH). In addition, often distributional results are available for the diﬀusion limit of discrete processes
while being intractable for the discrete models themselves.
Continuous and discrete time asset pricing represent an appealing ﬁeld
to exploit the convergence result we point out in this paper. In the last
decade, a discrete time pricing theory has been developed as a counterpart
to the continuous time one. The former included mainly exponential and
aﬃne Stochastic Discount Factor based approaches [see Gourieroux, Monfort
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and Polimenis (2003), Gourieroux and Monfort (2003)]. Another pricing
approach is based on state variables relying on compound autoregressive
processes [see Darolles, Gourieroux and Jasiak (2002)].
We try to confront the two classes of modeling and discuss the underlying
connection between them. Since discrete time processes weakly converge to
diﬀusions, we aim to shed light on the kind of diﬀusion recovered after the
approximation is made. The later result is obtained if the discrete time step
shrinks to zero and under conditions of the convergence theorem, Stroock
and Varadhan (1978). Basically, we point out the existence of (i) bivariate
diﬀusion governed by two possibly correlated sources of noise generating a
stochastic volatility and therefore an incomplete market [see Nelson (1990),
Duan (1997), Fornari and Mele (2004)] (ii) bivariate diﬀusion in which price
process is stochastic whereas volatility is deterministic inducing a complete
market [see Corradi (2000)], and ﬁnally (iii) bivariate diﬀusion, in which
both price and volatility processes are stochastic but driven by the same
Brownian motion, leading to a complete model with stochastic volatility [see
Jeantheau (2004) and Hobson and Rogers (1998)].
The paper is organized as follows. In the second section, we present the
general results of the weak convergence of discrete time GARCH models towards bivariate diﬀusions. First, we provide conditions ensuring the weak
convergence of a discrete time Markov chain towards a diﬀusion. Then, we illustrate the convergence through various GARCH speciﬁcations, namely the
GARCH-in-mean (GARCH-M), the augmented GARCH and the non-linear
CEV-ARCH models. Finally, we present the degenerate diﬀusion induced by
a reparameterization of the convergence conditions. In the third section, we
focus on the complete model with stochastic volatility (CMSV) which allows
for market completeness while volatility remains stochastic and underlines
its link with ARCH-type models. The fourth section concludes.

2
2.1

Convergence towards bivariate diﬀusion
Convergence conditions

We provide the general set of conditions ensuring the convergence of discrete
time models towards diﬀusions processes initially introduced by Strook and
Varadhan (1979), Ethier and Kurtz (1986) and later simpliﬁed by Nelson
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(1990).
For our subsequent development, we require three kinds of processes:
(h)
(a) A sequence of discrete time processes {Ykh } that depends on h and the
discrete time index kh, k = 0, 1, . . .
h is a strictly positive integer that provides the time separating two consec(h)
(h)
(h)
utive observations. Thus, Y0 , Y1 , . . . , Ykh is a Markov chain indexed by
h.
(h)
(b) The Markov chain may be extended to a continuous time process Yt ,
by assuming that it does not change between two successive observations.
The continuous time processes thus recovered are formed as step functions
from the discrete time process (a):
(h)
(h)
Yt = Ykh if kh ≤ t < (k + 1)h
(h)
Yt depends on both h and the continuous time index t > 0.
This notation paves the way to study the convergence of càdlàg processes
(h)
Yt towards Itô processes Yt . Possible approaches include the study of the
convergence of ﬁnite-dimension laws of processes1 .
(c) A limiting continuous time diﬀusion process Yt to which the discrete time
Markov chain converges under conditions hereafter presented.
The following theorem ensures the weak convergence of a Markov chain
to a diﬀusion.
Theorem 1. (The convergence theorem)
(h)
(h)
(h)
Let (Y0 , Yh , . . . , Ykh ) be a h-indexed Markov chain. If there exist a continuous mapping a(y, t) from Rn × [0, ∞) into the space of n × n nonnegative
deﬁnite symmetric matrices and a mapping b(y, t) from Rn × [0, ∞) into Rn
such that for all r > 0:






 −1
(h)
(h)  (h)

(i) lim sup h E Yh − Y0 Y0 = y − b(y) = 0
(1)
h→0 y≤r








(h)
(h)  (h)
(ii) lim sup h−1 V ar Yh − Y0 Y0 = y − a(y) = 0
h→0
y≤r






 −1−δ/2

 (h)
(h) 2+δ  (h)

E Yh − Y0 
Y0 = y 
(iii) lim sup h

h→0
y≤r

(2)

is ﬁnite for all δ > 0
(3)

1

(h)

It is also possible to investigate the convergence of Yt
processes’ laws. Processes
should be considered on [0,T] and càdlàg function’s space should be equipped by the
Skorokhod topology, see Billingslay (1986).
(h)
Yt
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In addition, if there exists a continuous mapping σ(y, t) from Rn × [0, ∞)
into the space of n × n nonnegative deﬁnite symmetric matrices, such that:
a(y, t) = σ(y, t)σ(y, t) .
Consider the SDE: dY (t) = b(Y (t))dt + σ(Y (t))dWt and Y (0) = y0 .
(h)
If it has a unique solution (in law)2 and if Y0 converges in law towards
(h)
(h)
y0 , then the ﬁnite-dimensional laws of processes Yt
(= Ykh if kh ≤ t <
(k + 1)h) converge to those of Y (t), solution of the previous SDE.

2.2

Application to ARCH-type models

In this paragraph we present some examples of the convergence of GARCH
speciﬁcations towards SDE, under the conditions of theorem 1. The general
model considered is:
2
) + σt−1 Zt
Yt = Yt−1 + f (σt−1

(4)

where f is a continuous function3 the conditional variance of σt2 .

2.2.1

GARCH-M model

We provide the explicit details for the GARCH-M model. The approach may
be then straightforwardly iterated for other GARCH speciﬁcations such as
EGARCH, TGARCH models.
The GARCH-M model is a variety of the standard GARCH models introduced by Engel, Lilien and Robbins (1987) for a better consideration of the
notion of risk aﬀecting ﬁnancial products. It allows the conditional variance
to appear in the mean equation as an explicative variable.
As far as we are concerned by diﬀusion limit model, we are interested by
2 ) is Markovian if and only if  is a
Markovian models. The couple (Yt , σt+1
t
GARCH(1,1).
2

To ensure local existence and uniqueness of the solution, we need to assume the two
conditions: (i) the functions b and σ are Lipchitzian (ii) σ(y) is a strictly positive for all
y.
3
Nelson (1990) proposes and explicit parameterization of the function f (σt2 ) : f (σt2 ) =
cσt2 . We immediately recover the GARCH-M (GARCH-in-mean) model as the conditional
variance appears in the mean equation. In our setting, we rather keep f (σt2 ) as a general
continuous function and do not specify a particular parameterization.
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Consider the following GARCH-M (1,1) model:
2
Yt = Yt−1 + f (σt−1
) + σt−1 Zt

2
σt+1

2

= ω + α(σt Zt+1 ) +

(5)

βσt2

An Euler approximation of this model leads to series of h-indexed models:
√
2
(6)
Y(k+1)h = Ykh + f (σkh
)h + hσkh .h Zk+1
2
2
2
σ(k+1)h
= ωh + σkh
(αh .h Z(k+1)
+ βh )
(h)

are standard variables ∼ D(0, 1).
(h)
(h)
2
Considering conditions: Yt = Ykh and h σt2 =h σkh
for kh ≤ t < (k +
1)h, we create the continuous time process and recover the couple (Yt , σt2 ).
We allowed coeﬃcients ω, α and β to depend on h because our ultimate
objective is to ﬁnd the proper sequence {ωh , αh , βh } for which conditions of
(h)
theorem 1 are valid that in turn makes the processes4 {Yt , h σt2 } converge
in distribution towards an Itô process as far as h vanishes to zero.
The method consists in computing the conditional moments of the approximating process 5 given by equations of the system (6).
Let’s start by the conditional mean:


(7)
h−1 E Yh − Y0 | Y0 = y, σ02 = x = f (x)
 2

−1
2
2
−1
−1
h E σh − σ0 | Y0 = y, σ0 = x = h ωh + h x(βh + αh − 1)
Zk

This sequence converges if:
lim h−1 ωh = ω

(8)

h→0

lim h−1 (βh + αh − 1) = −θ

(9)

h→0

The second order moments are given by:


h−1 V ar Yh − Y0 | Y0 = y, σ02 = x = x


h−1 V ar σh2 − σ02 | Y0 = y, σ02 = x = h−1 x2 αh2 V arh Z12
This sequence converges if 6 :
lim h−1 αh2 = α

(10)

h→0

(h),2

4
For notation reasons, we prefer to write σt
as h σt2 . It stands for the continuous
time process, depending on h, of the conditional variance.
5
For ease of computations, we consider moments between time 0 and h, which explains
why the conditioning is taken over Y0 and σ02
6
We should keep in mind this crucial condition for obtaining of bivariate diﬀusion
limit. When relaxing this condition, Corradi (2000) proves that a degenerate diﬀusion
limit driven by only one noise source (one Brownian motion) is possible. This will be
discussed in the subsequent paragraph.
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Finally, the cross term






h−1 Cov (Yh − Y0 ) , σh2 − σ02 | Y0 = y, σ02 = x = h−1 αh x3/2 E h Z13
converges under condition (10).
Under conditions (8) et (9), we identify the mappings:

f (x)
b(x, y) =
ω − θx


a(x, y) = σ(x, y)σ (x, y) =


√

√ 3/2
αx S
x
3/2
2
αx S x α(K − 1)

S and K are respectively third and fourth order moment of h Z1 .
a(y, x) is a non negative matrix. It is possible to ﬁnd its root.
 √
x
0
√ √
σ(x, y) = √
αxS x α K − 1 − S 2
Proposition 1.
As far as h vanishes to zero, and under conditions (8), (9) and (10),
the Markov chain sequence deﬁned in (6) converges towards the following
bivariate diﬀusion process driven by two independent Brownian motions:
dYt = f (σt2 )dt + σt dW1,t
√
√
dσt2 = (ω − θσt2 )dt + σt2 α SdW1,t + σt2 α

K − 1 − S 2 dW2,t

Although only one source of noise appears in the initial GARCH model,
the diﬀusion limit is driven by two independent sources of risk because we
2 ) for carrying out our analysis and
considered the Markovian couple (Yt , σt+1
because of the Donsker’s central limit theorem applied to random processes.
Symmetric GARCH speciﬁcations exhibit various drawbacks particularly
their failure to capture the leverage eﬀect, widely documented stylized fact
of ﬁnancial time series [see Black(1976), Engle and Ng(1993)]. Consequently,
various asymmetric speciﬁcations have been developed to capture such an
eﬀect. The approach tailored for getting the diﬀusion limit of the GARCHM model could be straightforwardly extended to asymmetric speciﬁcations
particularly EGARCH and TGARCH. In both cases, we obtain a bivariate
diﬀusion limit driven by two independent Brownian motions.
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Genralization: the augmented GARCH model

The results of the previous paragraph could be extended to various GARCH
speciﬁcations. Duan (1997) presented the Augmented GARCH model encompassing a family of eight particular GARCH speciﬁcations. The model
is deﬁned in terms of an auxiliary process interpreted as the Box-Cox transformation of the conditional variance. It considers not only multiplicative
shocks, already modeled in previous works [see Higgins and Bera (1992),
Ding and al. (1993)] but also additional ones, which enlarges the set of the
parametric family of models without invoking additional assumptions for ensuring stationarity. The intention behind tailoring such a model is to study,
in one time, the stationary conditions and the diﬀusion limit of the diﬀerent
speciﬁcations embedded in the general model.
Deﬁnition
We present the augmented GARCH (1,1). We refer to Duan (1997) for the
extension 7 to GARCH (p,q). A time series Yt is an Augmented GARCH(1,1)
process if:
• It is a general ﬁrst order stochastic volatility process, i.e:
Yt = µt + σt Zt
Φt = α0 +
σt2 =

with Zt |Ft−1 ∼ D(0, 1)

1
Φt−1 ξt−1

(11)

2
+ ξt−1
1/λ

|λΦt − λ + 1|
exp(Φt − 1)

(12)

if λ = 0
if λ = 0

(13)

• The couple (ξt1 , ξt1 ) satisﬁes:
ξt1 = α1 + α2 |Zt − c|δ + α3 max(0, c − Zt )δ

ξt2

(14)

= α4 f (|Zt − c| , δ) + α5 f (max(0, c − Zt ), δ)

(15)

with f (x, δ) = xδ /δ and (ξt1 , ξt2 ) is some Ft -measurable stationary and ergodic sequence of random vectors admitting a continuous distribution.
A negative Lyapunov exponent is a suﬃcient condition ensuring a stationary model. That condition reads:




E log α1 + α2 |Zt − c|δ + α3 max(0, c − Zt )δ  < 0
(16)
Using the Jensen’s inequality the condition is simpliﬁed to two other suﬃcient conditions.
7

The generalization only involves changes in the auxiliary dynamic Φ.
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σt2 results from a functional transformation of Φt . The transformation in
equation (13) is general enough to embed a continuum of models as specials
cases. More accurately, the augmented GARCH model includes eight particular GARCH speciﬁcations: (1) Linear GARCH of Bollerslev (1986), (2)
Multiplicative GARCH of Geweke (1986), (3) EGARCH of Nelson(1991), (4)
GJR-GARCH, (5) Non-linear GARCH of Engel and Ng(1993), (6) VGARCH
speciﬁcation proposed by Engle and Ng (1993), (7) TS-GARCH speciﬁcation
proposed by Taylor(1986) and (8) the Threshold GARCH of Zakoian(1990).
Each of these models is obtained for a particular set of parameters constraints. For example, the Augmented GARCH model reduces to the LGARCH
model if λ = 0, c = 0, δ = 2, α3 = 0, α4 = 0, α5 = 0, α0 > 0, α1 ≥ 0,
α2 ≥ 0. The EGARCH model is a particular augmented GARCH if λ = 0,
c = 0, δ = 1, α2 = 0, α3 = 0.
Diﬀusion limit of the augmented GARCH model
We aim to ﬁnd the general expression of the diﬀusion limit of the augmented
GARCH model. This result would generalize that of Nelson (1990) conﬁned
to EGARCH and GARCH-M models.
Let Zk , k = 1, 2, . . . be a sequence of Gaussian 8 i.i.d random variables. We
deﬁne:
(2)

Mk = |Zk − c|δ
(3)
Mk = max(0, c − Zk )δ
(4)
Mk = α4 f (|Zk − c|, δ) + α5 f (max(0, c − Zk , δ)

(2)

q2 = E(Mk )
(3)
q3 = E(Mk )
(4)
q4 = E(Mk )

The approximating augmented GARCH(1,1) model is given by:
√
(h)
2
2
) + ω1 (σkh
)Y(k−1)h ]h + Y(k−1)h + hσkh Zk
Ykh = [ω0 (σkh

Φ(k+1)h = (α0 + q4 )h + Φkh [1 + (α1 + α2 q2 + α3 q3 − 1)h]
√
√
(2)
(3)
(4)
+Φkh [α2 (Mk − q2 ) + α3 (Mk − q3 )] h + (Mk − q4 ) h
2
σkh
=

|λΦkh − λ + 1|1/λ
exp(Φkh − 1)

if λ > 0
if λ = 0

Deﬁne the constant variance-covariance matrix
⎛
1
⎜ σ21
(2)
(3)
(4)
Ω = V ar(Zt , Mk , Mk , Mk ) = ⎜
⎝ σ31
σ41

(17)
Ω:

⎞
σ12 σ13 σ14
σ22 σ23 σ24 ⎟
⎟
σ32 σ32 σ34 ⎠
σ42 σ43 σ42
(2)

8

The normality assumption is required for ensuring the moments existence of Mk ,
(4)
Mk and facilitating the derivation of the speciﬁc results for the embedded GARCH
models.
(3)
Mk ,
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then, we have the following theorem 9 :
Theorem 2.
The approximating augmented GARCH(1,1) model converges towards
the unique solution of the diﬀusion model:
dYt = [ω0 (σt2 ) + ω1 (σt2 )Yt ]dt + σt dW1,t
dΦt = [α0 + q4 + Φt (α1 + α2 q2 + α3 q3 − 1)]dt

+ϑt ρt dW1,t + ϑt 1 − ρ2t dW2,t
σt2 =

|λΦt − λ + 1|1/λ
exp(Φt − 1)

if λ > 0
if λ = 0

with ϑ = [σ42 + 2(α2 σ24 + α3 σ34 )Φt + (α22 σ22 + α32 σ32 + 2α2 α3 σ23 )Φ2t ]1/2
and ρt = ϑ−1
t [σ14 + (α2 σ24 + α3 σ31 )Φt ]
Where W1 and W2 are two independent Brownian motions.
The expression of the drift of the diﬀusion limit, ω0 (σt2 ) + ω1 (σt2 )Yt , is
large enough to include various speciﬁcations. For instance, in the particular
case where ω1 (σt2 ) = 0 and ω0 (σt2 ) = c0 + c1 σt2 , we recover a time varying
risk premium model. However if ω0 (σt2 ) = 0 and ω1 (σt2 ) = −c1 , we recover
a mean reverting model, widely used in interest rate modeling.
If we apply the parameters constraints used for identifying the various
GARCH speciﬁcations embedded in the augmented GARCH to the general
expression of the diﬀusion limit of the augmented GARCH model, we recover familiar bivariate diﬀusions such as that of Scott (1987), Hull and
White (1987), Stein and Stein (1991), Heston (1993). For example, applying
parameter restrictions relevant to the LGARCHJ model, the diﬀusion limit
becomes:
√
dσt2 = [α0 + (α1 + α2 − 1)σt2 ]dt + 2α2 σt2 dW2,t
In the same vein, the diﬀusion of the EGARCH model reduces to that of
Wiggins (1987) and reads:

2
1
2
(α4 + α5 ) − α4 − α5 + α1 − 1 + (α1 − 1) log σt2 ]dt
d log σt = [α0 +
π
2



1
1  π − 2

dW2,t
− α5 dW1,t + α4 + α5 
2
2
π
9

We refer to Duan (1997) for proof.
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The same reasoning could be iterated for the other remaining speciﬁcations embedded in the augmented GARCH model which therefore leads to
a familiar bivariate diﬀusion.

2.2.3

CEV-ARCH model

We extend the analysis of the diﬀusion limit of ARCH-type models to a new
model, CEV-ARCH model, introduced by Fornari and Mele (2004). The
CEV-ARCH model approximates any diﬀusion model in which volatility follows any constant elasticity of variance process. The convergence is ensured
under some moment conditions linking the discrete and continuous time parameters.
The CEV-ARCH model allows volatility to react nonlinearly to past
shocks. The use of this model is motivated by the general empirical success
of the CEV model for assets pricing in ﬁnance. We attempt to investigate
possibilities of exploiting their performance in both discrete and continuous
time. In addition the CEV-ARCH model considered neither constraint the
elasticity of volatility to one, nor the volatility equation to be a variance or
a standard deviation. This is illustrated by the continuous time CEV model
applied to short term interest rate, r :
dr(t) = (λ − θr(t))dt + σ(t)

r(t) dW1,t

dσ (t) = (ω − ϕσ (t))dt + ψσ (t) d (ρW1,t −
δ

δ

δη

(18)
1−

ρ2

W2,t )

The parameter δ should be estimated from data10 .
One possible application consists on using the discrete time CEV-ARCH
model, that approximate (18), to estimate the vector of parameters
(λ, θ, δ, ω, ϕ, ψ, η, ρ).
The Euler discrete time approximation of (18) leads to:
√
(19)
h r(k+1)h −h rkh = (λh − θh .h rkh )h +h σkh h rkh h Z1,(k+1)h
√
δη
δ
δ
δ
h σ(k+1)h −h σkh = (ωh − ϕh .h σkh )h + ψh .h σkh h h Z2,(k+1)h
1
2
∼ D(0, h), h Z2,(k+1)h ∼ D(0, h) and Cov(h Z(k+1)h
, h Z(k+1)h
)=
hZ
√ 1,(k+1)h
hρ.
10

Engle and Lee (1996) found δ = 2 when ﬁtting a restricted version of the volatility
equation (18) to stock returns, while Fornari and Mele (2004) advocate empirically δ = 1
for short term interest rates.
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The convergence result, we underline here, allows an instantaneous corδ }. As the discretization step h vanishes
relation between {h rkh } and {h σkh
to zero, model (19) converges weakly or in distribution towards (18). This
δ } converge to
means that the ﬁnite dimensional distributions of {h rkh ,h σkh
δ
those of {r(t), σ (t)}, t ≥ 0, as h ↓ 0.
The GARCH(1,1) model is a particular CEV-ARCH model when δ = 2, η =
1 and ρ = 0. The ARCH models that have been studied in previous sections do not converge in distribution to any unrestricted CEV process. Since
they make the variance of volatility proportional to the square of volatility,
the elasticity of volatility is restricted to one. To circumvent this drawback,
we consider ARCH schemes that does not force the elasticity of variance
to unity. By chopping time such as kh ≤ t < (k + 1)h, let’s consider the
approximating process:
√
(20)
h r(k+1)h −h rkh = λh − θh .h rkh +h σ(k+1)h h rkh h Zkh
δ
h σ(k+1)h

δ
δ
−h σkh
= ωh − [1 − βh − αh |h Zkh |δ h−δ/2 (1 − γsign(h Zkh )δ )]σkh

It could be proved that the above system (20)converges towards (18):
Proposition 2.
Under the moment conditions:
limh→0 h−1 ωh = ω; limh→0 h−1 λh = λ; limh→0 h−1 θh = θ;
limh→0 h−1 ϕh =ϕ ϕ < ∞; limh→0 h−1 ψh = ψ ψ < ∞;

δ
δ
h r(k−1)h , h σkh weakly converges to {rt , σt }, t ≥ 0 as h ↓ 0.
Where {rt , σtδ } are solutions of (18) for η = 1 and:
ϕh = 1 − nδ,ϑ ((1 − γ)δ + (1 + γ)δ )αh − βh

ψh = αh (mδ,ϑ − n2δ,ϑ )((1 − γ)2δ + (1 + γ)2δ ) − 2n2δ,ϑ ((1 − γ)δ + (1 + γ)δ )
ρ=

2

δ−ϑ+1
ϑ

δ+2
δ
δ
∇δ+1
ϑ Γ( ϑ )((1 − γ) + (1 + γ) )

Γ(ϑ−1 ) (mδ,ϑ − n2δ,ϑ )((1 − γ)2δ + (1 + γ)2δ ) − 2n2δ,ϑ ((1 − γ)δ + (1 + γ)δ )
2

2δ −1
ϑ
∇2δ Γ( 2δ+1 )

δ

2 ϑ −1 ∇δ Γ( δ+1 )

−1

ϑ
ϑ
ϑ
ϑ
; nδ,ϑ =
; ∇2ϑ = 2Γ(ϑ )
mδ,ϑ =
Γ(ϑ−1 )
Γ(ϑ−1 )
2 ϑ Γ(3ϑ−1 )
√
Zkh / h are considered to be Generalized Error Distributed. The generalization to any η is possible, see Theorem 3.2 in Fornari and Mele (2004).
Other possible extension consists in proposing other ways for modeling
asymmetries in volatility. We propose a particular asymmetric ARCH-type

and
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model allowing correlation between Brownian motions of its diﬀusion limit.
The discrete time scheme is:
δ
h σ(k+1)h

δ
δ
−h σkh
= ωh − (1 − βh ).h σkh

(21)

δ
+αh (1 − γ sign h Zkh )δη (|h Zkh |δη − E|h Zkh |δη )hδη/2 h σkh

The basic diﬀerence between (21) and (20) is the way asymmetries in
volatilities are modeled. This speciﬁcation illustrates a pervasive stylized fact
’volatility reversal’ which stipulates that larges negatives shocks introduce
more volatility than positive shocks of the same size.
Under the moment conditions:
limh→0 h−1 ωh = ω; limh→0 h−1 λh = λ
limh→0 h−1/2 [(1 + γ)2δη + (1 − γ)2δη ](mδη,ϑ − 2n2δη,ϑ )αh = ψ
Scheme (21) converges in distribution to (18) as the sampling frequency
gets higher.
As in the previous paragraphs, the proofs are carried out through the computation of conditional moments, given the ﬁltration Fkh generated by:


δ k
h r(i−1)h , h σih i=1 .

2.3

Degenerate case: diﬀusion with deterministic volatility

In the previous paragraphs, we have shown that, as the discrete time interval decreases to zero, the continuous time limit of the GARCH model
is a bi-dimensional diﬀusion process with two independent, or even possibly correlated, noise source following the pioneering works of Nelson(1990),
Duan (1997) and Fornari and Mele (1996). Corradi (2000) outlines the existence of a degenerate case where, under some particular set of convergence
conditions, the volatility equation becomes deterministic. We present the
degenerate diﬀusion limit and the new parameterization of the sampling interval ensuring it, and compare it to the general non degenerate bivariate
diﬀusion.
The approximating discrete time GARCH(1,1) process is given by:
Y(k+1)h − Ykh = σkh Z(k+1)h

(22)

2
2
2
2
2
σ(k+1)h
− σkh
= ωh + (βh − 1)σkh
+ h−1 αh σkh
Z(k+1)h

(23)

Computing the conditional moments, the diﬀusion limit was obtained
under conditions:
lim h−1 ωh = ω

h→0
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lim h−1 (αh + βh − 1) = −θ

h→0

lim 2h−1 αh2 = λ2

(θ > 0)

(25)
(26)

h→0

Conditions (24) and (25) are satisﬁed if 11 :


λ2
λ2
1/2
1/2
+ θ2 h + o(h)
+ θ1 h + o(h)
and
βh = 1 − h
αh = h
2
2
θ1 + θ2 = θ
Condition (26) guarantees a bivariate diﬀusion limit governed by two independent Brownian motions, à la Nelson (1990). We focus on this condition
and propose a reparametrization of it that could switch the behavior of the
diﬀusion limit into a bivariate diﬀusion driven by only one Brownian motion
and characterized by a deterministic volatility12 .
The new condition assumes that αh is at most of order h and is given by:
lim h−δ αh = 0

h→0

∀δ < 1

(27)

The two parameterization (26) and (27) are similar in the particular case
where δ = 1/2 and λ is null. The non degenerate diﬀusion is obtained because
when λ = 0, αh is of order h1/2 which implies that the last term of the RHS of
equation (23) is of order h1/2 . Consequently, the second conditional moment,
scaled by h−1 , does not vanish as h → 0. A bi-dimensional diﬀusion driven
by two independent Brownian motions is therefore obtained.
From (27), αh is at most of order h when δ = 1 which implies that
the last term of the RHS of equation (23) is also at most of order h. The
conditional second order moment scaled by h−1 vanishes as h → 0 leading
to a degenerate diﬀusion i.e one dimensional diﬀusion driven by a single
Brownian motion.
Results are gathered in the following two propositions:
Proposition 3. Degenerate diﬀusion
11

Note that αh + βh = 1 + θh. This is in accordance with temporal aggregation results
of Drost and Nijman (1993): αh + βh = (α + β)h . When h shrinks to zero the h-th power
of α + β is approximated by 1 + θh.
12
The same result has been derived by Kallsen and Taqqu (1998) by invoking an other
approach, assuming that volatility jumps only at integer values of time.
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(h)

If (Y0 ,h σ02 ) converges to (Y0 , σ02 ) as h → 0, then under the parameteri(h)
zation (24), (25) and (27) as h → 0, (Yt ,h σt2 ) weakly converges to (Yt , σt2 )
where (Yt , σt2 ) is a diﬀusion process solution to :
dYt = σt dWt
dσt2

= (ω −

(28)

θσt2 )dt

(29)

Proposition 4. Non-degenerate diﬀusion
(h)

If (Y0 ,h σ02 ) converges to (Y0 , σ02 ) as h → 0, then under the parameteri(h)
zation (24), (25) and (26) as h → 0, (Yt ,h σt2 ) weakly converges to (Yt , σt2 )
2
where (Yt , σt ) is a diﬀusion process solution to :
dYt = σt dW1,t
dσt2

= (ω −

θσt2 )dt

(30)
+

λσt2 dW2,t

(31)

Diﬀusion discretization: GARCH or Stochastic Volatility model ?
We investigate the exact discretization of both types of diﬀusions. In the
degenerate case, using dt = (dWt )2 and θ = θ1 + θ2 , the exact Euler discretization of system (28)-(29) gives:
Y(k+1)h − Ykh = σkh Z(k+1)h
2
2
2
2
2
σ(k+1)h
− σkh
= hω − θ1 hσkh
− θ2 σkh
Z(k+1)h

by assuming: ωh = hω , βh −1 = −θ1 h and h−1 αh = −θ2 , we recover exactly
equations (22) and (23), the approximating process of the GARCH process.
However, the Euler discretization of the non degenerate case leads to:
Y(k+1)h − Ykh = σkh Z1,(k+1)h
2
2
2
2
2
σ(k+1)h
− σkh
= ωh − θhσkh
+ λσkh
Z2,(k+1)h

which is the approximating process of a SV model rather then GARCH one,
as the system is governed by two sources of noise, Z1,(k+1)h and Z2,(k+1)h .
Thus the exact discretization of the non degenerate diﬀusion leads to a
SV process, however the exact discretization of the degenerate diﬀusion leads
to to a GARCH(1,1) process.

3

Convergence and market completeness

The study of the kind of the diﬀusion limit of the GARCH model raises
straightforwardly the question of market completeness. In the general case
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of a bivariate diﬀusion driven by two possibly correlated sources of noise and
characterized by stochastic volatility, the market is incomplete. Therefore,
there is no longer a unique martingale measure and unique price of contingent claims [see Harrison and Kreps (1979), Harisson and Pliska (1981) and
Poncet (1999)]. However, in the degenerate case of bivariate diﬀusion driven
by a single Brownial motion and characterized by a deterministic variance,
the market is complete. Computation of options’ prices are possible without
imposing other assumptions regarding utility function and investors’ preferences.
In this paragraph, following Hobson and Rogers (1998) and Jeantheau
(2004), we introduce the Complete Model with Stochastic Volatility, CMSV,
a model that preserves the market completeness and the stochastic feature of
the volatility in the same time. The intuition is to make all SDE depend on
the same source of noise or Brownian motion. Through oﬀset functions, we
derive the instantaneous volatility in terms of exponentially-weighted moments of historic log-prices. The non constant instantaneous volatility is
driven by the same stochastic factor as the price process. Therefore, we conciliate the stochastic feature of the volatility and the market completeness.
The CMSV model developped shares many properties with the ARCH-type
models and consequently with the Zumbach’s (2004) family of models.

3.1

The continuous Time CMSV

Let Pt be the stock price and r the risk free interest rate. The discounted
log-price process is given by Yt = log(Pt e−rt )
For λ a positive real, the CMSV relies on the following oﬀset function:
 ∞
(m)
St = λ
e−λu (Yt − Yt−u )m du
(32)
0

Yt is assumed to solve the SDE:
(1)

(2)

(d)

(1)

(2)

(d)

dYt = µ(St , St , . . . , St )dt + σ(St , St , . . . , St )dWt

(33)

with Wt a standard Brownian motion, and µ(.) and σ(.) Lipschitz functions.
By Itô calculus, the oﬀset function is driven by the SDE:
(m)

dSt

(m)

= −λSt

(m−1)

+ mSt

1
(m−2)
dYt + m(m − 1)St
d < Y >t
2

(34)
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Hobson and Rogers (1998) conﬁned their analysis to d = 1. In this paper
we follow Jeantheau (2004) and extended the analysis to d = 2.
(1)
(2)
(1)
(2)
In the SDE (33), the drift µ(St , St ) and the diﬀusion σ(St , St ) coeﬃcients depend on the past price changes through the oﬀset functions. The
model is therefore considered as a stochastic volatility one. Yet, by contrast
to the familiar stochastic volatility models (Hull and White (1987), Heston
(1993), Stein and Stein (1991), among others) only one Brownian motion
deﬁnes the model and no additional random source is needed to capture the
stochastic feature of the volatility. The market is complete and a unique
preference-free price of contingent claims may be obtained.

3.2

Discrete time model with oﬀset functions

The appealing feature of the oﬀset functions stems on the possibility of
expressing them in discrete time. We try to construct the discrete time
process Yk based on that oﬀset functions, which writes:
Let deﬁne the following oﬀset function:
(m)

Sk

= (1 − β)

∞


β i−1 (Yk − Yk−i )m

(35)

i=1

The discrete time analogue of (33) is:
(1)

(d)

(1)

(d)

Yk+1 − Yk = µ(Sk , . . . , Sk ) + σ(Sk , . . . , Sk )Zk+1

(36)

Y0 = y0

where Zk is deﬁned as in GARCH setting in the previous paragraphs: Zk ∼
i.i.d(0, 1).
In the special case where d=2, Jeantheau (2004) suggests, as a counter(1)
(2)
part of the SDE (34), the following relation between (Sk and Sk ):
(1)

(1)

(2)

(2)

Sk+1 = βSk + (Yk+1 − Yk )
(1)

Sk+1 = βSk + (Yk+1 − Yk )2 + 2βSk (Yk+1 − Yk )
(1)
(2)
(S0 , S0 )

=

(37)

(1) (2)
(s0 , s0 )

As far as we are concerned by checking possible links between the CMSV
and the ARCH-type models, we have to deal with Markov processes.
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(2)

(1)

(Yt , St , St ) is a Markov process and by Cauchy Schwartz inequality, we
have the relation:
(1)

(2)

(St )2 ≤ St

(38)
(1)

(2)

(1)

(2)

More accurately the process (Sk , Sk ) is also a Markov chain 13 .
We put forward now the conditional heteroscedastic property of the process Yk . First and second conditional moment derived from (36) lead to:
E(Yk+1 − Yk |Fk ) = µ(Sk , Sk )
(1)

(2)

V ar(Yk+1 − Yk |Fk ) = σ 2 (Sk , Sk )
where Fk is the σ-ﬁeld generated by {Ym , 0 ≤ m ≤ k, k ∈ N }.
ARCH-type features clearly appear in this context. Through the oﬀset
function, the conditional mean and the conditional variance depend on the
changes of price (current price and the past price) raised to a certain power,
however ARCH model depends only on past values of perturbations.
Similarly to the GARCH case, we try to ﬁnd the diﬀusion limit of
(1)
(2)
(Yk , Sk , Sk ) deﬁned upon oﬀset functions. We assume:
(1)

(1)

(2)

(2)

(Yt , St , St )(h) = (Ykh , Skh , Skh ) for kh ≤ t < (k + 1)h
(1)

(2)

The triplet (Ykh , Skh , Skh ) is presented by the system:
√
(1)
(2)
(1)
(2)
Y(k+1)h = Ykh + hµ(Skh , Skh ) + hσ(Skh , Skh )Zk
(1)

(1)

(2)

(2)

S(k+1)h = βh Skh + (Y(k+1)h − Ykh )
(1)

S(k+1)h = βh Skh + (Y(k+1)h − Ykh )2 + 2βh Skh (Y(k+1)h − Ykh )
(1)

(2)

(1)

(2)

(Y0 , S0 , S0 ) = (y0 , s0 , s0 )
We compute conditional moments14 .
13

It suﬃces to prove that its state space representation is given by: ξ = {x1 ∈ R, x2 ∈
(2)
(1)
R /x21 < x2 } and the sequence Uk = Sk − (Sk )2 remains positive, for 0 < β < 1
and initial term U0 ≥ 0, since it could be expressed recurrently using (37) by: Uk+1 =
(1)
βUk + β(1 − β)(Sk )2
(2)
Sk is therefore positive and we have the inequality (38). We conclude that the Markov
(1)
(2)
chain (Sk , Sk ) has ξ as a state space.
14
For ease of computation we consider the case of k=0 and therefore I0 is the conditional
(1)
(1)
(2)
(2)
information set: I0 ≡ I0 (Y0 = y0 , S0 = s0 , S0 = s0 );
+
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The conditional mean reads:
(1)

(2)

h−1 E [Yh − Y0 | I0 ] = µ(S0 , S0 )
(1)

(1)

= h−1 (βh − 1)s0 + µ(S0 , S0 )

(1)

(2)

(2)

= h−1 (βh − 1)s0 + hµ2 (S0 , S0 ) + σ 2 (S0 , S0 )

h−1 E Sh − S0 | I0

(1)

(1)

h−1 E Sh − S0 | I0

(1)

(2)

(1)

(1)

(2)

(1)

(2)

(2)

+ 2βh s0 µ(S0 , S0 )
As for the conditional variance, we have:
(1)

(2)

(1)

(2)

h−1 V ar [Yh − Y0 | I0 ] = σ 2 (S0 , S0 )
(1)

(1)

= σ 2 (S0 , S0 )

(2)

(2)

= h2 µ2 (S0 , S0 )σ 2 (S0 , S0 )

h−1 V ar Sh − S0 | I0
h−1 V ar Sh − S0 | I0

(1)

(2)

(1)

(1)

(2)

(2)

+ hσ 2 (S0 , S0 )V ar(Z12 )
(1)

(1)

(2)

+(2βh S0 σ 2 (S0 , S0 ))2
As concerning the conditional covariance, we have:
(1)

(1)

= σ 2 (S0 , S0 )

(2)

(2)

= 2s0 σ 2 (S0 , S0 )

(2)

(2)

= 2s0 σ 2 (S0 , S0 )

h−1 Cov (Yh − Y0 ), (Sh − S0 ) | I0
lim h−1 Cov (Yh − Y0 ), (Sh − S0 ) | I0

h→0

(1)

(1)

lim h−1 Cov (Sh − S0 ), (Sh − S0 ) | I0

h→0

(1)

(2)

(1)

(1)

(2)

(1)

(1)

(2)

One basic diﬀerence with Nelson’s framework is that only one condition
regarding the rate of convergence of the parameters is required for enduring
convergence, as h shrinks to zero:
lim (βh − 1)/h = −θ

h→0

We assume moreover that there exists δ > 0 such that E[Zk4+2δ ] is ﬁnite, in
order to make V ar(Z12 ) ﬁnite.
The tightness of the components of the process, i.e. the third condition
of the convergence theorem, is veriﬁed:



 −1−δ/2


2+δ 

lim sup h
E |Yh − Y0 |
I0  still to be bounded for all δ > 0
h→0 |y|≤r





 −1−δ/2

 (m)
(m) 2+δ 

E Sh − S0 
I0 
lim sup h
h→0
|y|≤r
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still to be bounded for all δ > 0; m ∈ {1, 2}
Finally, noting that we can write:
⎛
⎞ ⎛
⎞ ⎛
(1)
(1) ⎞
1
1
2s0
1
0 0
1 1 2s0
⎜
⎟ ⎝ 1
(1)
0 0 ⎠×⎝ 0 0
⎝ 1
⎠=
1
2s0
0 ⎠
(1)
(1)
(1)
(1) 2
0 0
0
0 0
2s0
2s0
2s0
(2s0 )
(1)

(2)

the discrete time process (Yt , St , St )(h) converges in distribution to the
CMSV:
(1)

(2)

(1)

(2)

dYt = µ(St , St )dt + σ(St , St )dWt
(1)

dSt

(2)
dSt
(1)

(1)

=

(2)

(Y0 , S0 , S0 ) =

3.3

(2)

(1)

(1)

(2)

= [µ(St , St ) − θSt ]dt + σ(St , St )dWt
(1)
(1)
(2)
(1)
(2)
[2St µ(St , St ) + σ 2 (St , St )
(1)
(1)
(2)
+ 2St σ(St , St )dWt
(1) (2)
(y0 , s0 , s0 )

−

(39)

(2)
θSt ]dt

Links with ARCH-type models

The CMSV exhibits various common features with ARCH-type models particularly in matter of stationary conditions, moments or estimation methods.
The similarity could also be checked between the CMSV and the class of
long memory (LM) volatility models introduced by Zumbach (2004), in their
aﬃne or linear versions. LM processes are equivalent to GARCH(1,1) and
IGARCH(1,1) under some restrictions. They provide good descriptions of
the empirical data and behave well when largest time horizon are included
in the process.
Let’s consider the following model, obtained under a particular choice of
the function σ(.) by making the conditional volatility depend on only oﬀset
functions of order 2:
(2)

Yk+1 − Yk = σ(Sk )Zk+1
(2)
σ(Sk )

= ω+

(2)
αSk

(40)
ω > 0, α ≥ 0

The third equation of the diﬀusion limit system (39) becomes:

(2)
(2)
(2)
(1)
ω + αSt dWt
dSt = ω − (θ − α)St dt + 2St
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The mean reverting feature of this diﬀusion is another aspect of the
connection between model (40) and the ARCH models. Under restriction
deﬁning (40), the system (37) is rewritten:

(2)
(1)
(1)
Sk+1 = βSk + ω + αSk Zk+1

(2)
(2)
(2)
(2)
(1)
2
ω + αSk Zk+1
(41)
Sk+1 = βSk + (ω + αSk )Zk+1
+ 2βSk
The system (41) admits a unique stationary and positive recurrent solu(2)
tion, with E[Sk ] < ∞, if and only if α + β < 1, and we have:
(2)

E σ 2 (Sk ) =

ω(1 − β)
1 − (α + β)

Moreover, if E[ln(β + αZk2 )] < 0, not only the system (41) has a unique
stationary solution but also there exists γ ∈ (0, 1] such that 15 :


(2) γ
E Sk
<∞
The stationary conditions are similar to those of GARCH model and implicitly with those of the Zumbach’s family of models. This reinforce the
connection between the CMSV and the ARCH-type model. Others aspects
of connection deal with estimations methods. Similarly to ARCH models,
conditional likelihood method are also suitable for the CMSV.

4

Conclusion

We intented to examine the relationship between long time conﬂicting discrete time and continuous time models. We emphasized the convergence of
conditional heteroscedastic discrete time models towards continuous time diffusion processes and therefore possible substitutability and complementarity
between the two classes.
We illustrated the connection through several GARCH speciﬁcations.
For all of them, as the time step shrinks to zero and under the conditions
advocated by the Markov chain theorem, the diﬀusion limit recovered is
bivariate. Both price and volatility processes are then stochastic and are
governed by two (possibly correlated) sources of noise. By imposing a slightly
15

We refer to Jeantheau (2004) for detailed proofs of the stationary results.
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diﬀerent set of conditions regarding the speed of convergence of parameters,
we pointed out the existence of a degenerate diﬀusion limit driven by a single
Brownian motion which characterizes the price process, while the volatility
process remains deterministic. In contrast with the ﬁrst general case, the
model is complete and therefore a unique price is obtained for each asset
without additional assumptions regarding investors’ preferences.
A third possible diﬀusion limit is inspired from the complete model with
stochastic volatility, for which price and volatility processes are governed by
the same Brownian motion. We ﬁnd a discrete-time heteroscedastic model
admitting the CMSV as a diﬀusion limit. The discrete model is an ARCHtype one as it shares various ARCH properties such as stationarity conditions
or statistical inference.
As a possible extension of this work, we propose to apply the convergence results to option pricing or statistical inference and ﬁltering. Moreover, it is interesting to investigate stronger convergence notions and the
statistical equivalence or nonequivalence between GARCH and their diﬀusion limit. Wang (2002) proves statistically the asymptotic nonequivalence
of GARCH and diﬀusions in terms of Le Cam’s deﬁciency distance. The two
models are equivalent only under the obvious case of deterministic volatility.
By contrast, under stochastic volatility, because of the diﬀerence between
the structure of noise propagation in the conditional variances, the likelihood processes in the two model behave asymptotically quite diﬀerently and
thus are nonequivalent asymptotically. This discredits the general belief of
asymptotic equivalence and warns against the common practice of applying without care statistical inferences derived under GARCH model to their
diﬀusion limit. Investigation of the statistical equivalence between GARCH
and their continuous time diﬀusion is left to further research.

References
Ait-Sahalia, Y. (2002), Maximum likelihood estimation of discretely sampled diﬀusions: a closed-form approximation approach, Econometrica, 70, 223-262.
Billingsley, P. (1968), Convergence of Probability Measures, Wiley, New York.
Bollerslev, T., Engle, R., and Nelson, D. (1994), ARCH models, in Engle, R. and
McFadden, D. editions, Handbook of Econometrics, Vol 4, Elsevier, Amsterdam.
Corradi, V. (2000), Reconsidering the diﬀusion limit of the GARCH(1,1) process,

Published by The Berkeley Electronic Press, 2006

22

Studies in Nonlinear Dynamics & Econometrics

Vol. 10 [2006], No. 4, Article 5

Journal of Econometrics, 96, 145-153.
Darolles, S., Gourieroux, C., and Jasiak, J. (2002), Compound autoregressive models, Crest discussion paper.
Droesbeke, J., Fichet, B., and Tassi, P. (1994), Modélisation ARCH: théorie statistique et application dans le domaine de la ﬁnance, Editions de l’université de Bruxelles, Ellipses.
Drost, F., and Nijman, T. (1993), Temporal aggregation of GARCH processes,
Econometrica, 61, 909-927.
— — and Werker, J. (1996), Closing the GARCH gap: continuous time GARCH
modeling, Journal of Econometrics, 74, 31-57.
Duan, J.C. (1997), Augmented GARCH (p,q) process and its diﬀusion limit, Journal of Econometrics, 79, 97-127.
Engle, R., Lilien, D., and Robins, R. (1987), Estimating time varying risk premia in the term structure: the ARCH-M model, Econometrica, 55, 391-407.
Ethier, S., and Kurtz, T. (1986), Markov Processes: Characterization and Convergence, Wiley.
Fornari, F., and Mele, A. (1997), Weak convergence and distributional assumptions
for a general class of nonlinear ARCH models, Econometric Reviews, 16, 205-29.
— — and — — (2000), Stochastic Volatility in Financial Markets: Crossing the
Bridge to Continuous Time, Kluwer Academic Publishers, Boston.
— — and — — (2001), Recovering the probability density function of asset prices
using GARCH models as diﬀusions approximations. Journal of Empirical Finance,
8, 83-110.
— — and — — (2004), Approximating volatility diﬀusions with CEV-ARCH models, Working paper, London School of Economics.
Gourieroux, C., Monfort, A. (2003), Econometric speciﬁcations of stochastic discount factor models, Crest discussion paper.

http://www.bepress.com/snde/vol10/iss4/art5

Trifi: Issues of Aggregation of Heteroscedastic Models

23

— —, — — and Polimenis, V. (2003), Discrete time aﬃne term structure models,
Crest discussion paper.
Harisson, J., Kreps, D. (1979), Martingales and arbitrage in multi-period securities markets, Journal of Economic Theory, 20, 381-408.
— —, Pliska, S. (1981), Martingales and stochastic integrals in the theory of continuous trading, Stochastic Processes and Applications, 11, 215-260.
Heston, S. (1993), A closed form solution for options with stochastic volatility
with applications to bond and currency options, Review of Financial Studies, 63,
27-44.
Higgins, M., Bera, A. (1992), A class of nonlinear ARCH model, International
Economic Review, 33, 137-158.
Hobson, D. and Rogers, L. (1998), Complete models with stochastic volatility,
Mathematical Finance, 8, 27-48.
Hull, J., and White, A. (1987), The pricing of options on assets with stochastic
volatility models, Journal of Finance, 42, 281-300.
Jeantheau, T. (2004), A link between complete models with stochastic volatility
and ARCH models, Finance and Stochastics, 8, 111-131.
Kallsen, J., and Taqqu, M. (1998), Option Pricing in ARCH-Type Models, Mathematical Finance, 8, N◦ 1, 13-26.
Meddahi, N., and Renault, E. (2004), Temporal aggregation of volatility models,
Journal of Econometrics, 119, 355-379.
Nelson, D. (1990), ARCH models as diﬀusion approximations, Journal of Econometrics, 45, 7-38.
Poncet, P. (1999), Complétude des Marchés Financiers, in Encyclopédie de la Gestion et du Management, Dalloz, Paris.
Ritchken, P., and Trevor, R. (1999), Pricing options under generalized GARCH
and stochastic volatility processes, Journal of Finance, 54, 377-402.

Published by The Berkeley Electronic Press, 2006

24

Studies in Nonlinear Dynamics & Econometrics

Vol. 10 [2006], No. 4, Article 5

Scott, L. (1987), Options pricing when the variance changes randomly: theory,
estimation and an application, Journal of Financial and Quantitative analysis, 22,
419-38.
Skorokhod, A. (1989), Asymptotic method in the theory of stochastic diﬀerential
equations, American Mathematical Society, Translations of Mathematical Monographs, Vol. 78.
Stein, E., and Stein, J. (1991), Stocks prices distributions with stochastic volatility:
an analytical approach, Review of ﬁnancial Studies, 4, 727-52.
Stroock, D., and Varadhan, S. (1979), Multidimensional Diﬀusion Processes, SpringerVerlag, Berlin.
Wang, Y. (2002), Asymptotic non-equivalence of GARCH models and diﬀusions,
Annals of Statistics, 30, 754-783.
Wiggins, J. (1987), Options values under stochastic volatility: Theory and empirical estimates, Journal of Financial Economics, 19, 351-72.
Zakoian, J.M. (1994), Threshold heteroscedastic model, Journal of Economic Dynamics and Control, 18, 931-955.

http://www.bepress.com/snde/vol10/iss4/art5

